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1.1 a- 
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1.2 a A (b A e) = (a - c) b - (a - b) c a b, 
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as dr os 



1.3.6 
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1.4 . a 2 = a a ooo3 (a 2 )' - 2a a 1 . 
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1.5.5 

1.5.6 tig ^6? 03^5^. o^ *rS>5oox>3 

1.5.7 div {grad 0) = V* f V 2 go e^^p^oi) 5" s*tfga 

<n 

1.5.8 curl (grad <(>) = 0, 

1.5.9 div curl v =0, 

1.5.10 curl curl v - grad div v* - V 2 ^ 



'?' 
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,r = r(t) 
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5v 








Q-P 

+ 8t) - r(t) 
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P(r) 




R = r + tr 







X-x Y-y Z-z 



(X, Y, Z) - (z, y, 2) = u(x, y, z) 
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Pfft% <x, 6 s -< *v x* 1 
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x - a cos 6 y - a sin 6 z - c6 
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acosO 



P(0) 



x - a y--0 z 
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x, y, z 
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F(x(t), y(t), z(t)) = ftt) 



Aft = y sg f(t) 5 



. P = 1, 2, 3 
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h = t - 
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PN 
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= W = W = 
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(t ) * 



= F x (x(t), y(t), z(t)), f 2 (t) = F 2 (x(t). y(t), z(t)) 



4 : x = t 4 - 1, y = t 3 - 1, z = t 2 - 
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aft 4 - 1) + b(t 3 - 1) + c(t 2 - 1) = 
fit) = at 4 + bt 3 + ct 2 -(a + b + c) = 



(t = 




f (1) = 24a + 6b 



a : b : c = 3 : 8 : 6 



3x - 8y + 62 = 



5 : x 4 + 3xyz + x 2 - y 2 - z 2 + 2yz - 3xy - 2y + 2z - 1 = S* (0, 0, 1) 




(0,0,1) cj-^ 
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1 m n 



x = It, y = mt, z = nt + 1 



x, y, z 



fit) = I 4 t 4 4- 3 Imnt 3 + (I 2 - m 2 - n 2 + 2mn) t 2 = 



t = 




- - n 2 -i- 2mn = 
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SbS 



Q, R _> p 



P, Q.. 



P(t ; A Qu + 6t) 
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' - 1 

r(f ,..r (t + St) = (= rlti A r(t + St) -r(t)J = r(t; 



(Q - V tf-* '.'<t - -. ro<f; 



R~r,,r - 



BofiS fc c6ejG : R . a - p 



fit) - r a-;*- - 



=.- 



.. ^= 



i'(() - r . a = 



oo p 



',4'' o rtoov" r, r 



;:l>? li-r.r, oj 



f - 1 ; 



_ P, Q, R (Q ; R - P) 
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(3) 



(4) 



(R-r), a = 



<* 



So 



fR r r'j - |r r r] 






( i j R - r, r, e? 



-r - Ar + \JT 




<r&c3al\5" ^dy-^T'Cvj" 1 ^oi'^ \ C^grf 

to J 'o 

X - x Y - y Z - z 
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y 
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3cex + afy = 



(i) fitf 




(f) 



x-(at s + b) y-(3ct 2 



6ct 




z-(3et 
3e 





acft 2 + adft--bec = 




(3) 



(ii) 



ce(at? -- b) + act 2 + dt) = 



cex -i- af ss So* 3cex + afy = 



ot5 e (3) 



7 i x = 3r, y = 3t 2 , z = 



(t) 




= 0, C:(3t,3t 2 , 21 3 ) 



(3) 



(ii) (t) ag 





- 2ty + z = 



(3) 




2ct 3 + 3bt 2 + Sat 



x-3t y-3t 2 z-2t 3 
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(a, p, 7) Sood 




(a, P, y) 





(a, p, 




C 2 Y 



633' (a, p, 



wot) t= Sg AoObodS 



x-a y-B z - 





za 2 a 
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a(c 2 - a 2 ) (a 2 - b 2 ) 
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* o, <Kr ) = o 
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Vf, 
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(2) &> (t) 




Xr + Xr = WA V<|> + Vf A V<p 



= <r.V<|>) ( Vf-r. Vf) V<> 



JR - r, r, f = 



-r) . Vf fir . V0) = (R - r) 



(B-r).Vf 



r . Vf 



r . 



: ftr) = 0, ()>(r) = 
(R-r).Vf=0, (R-r). 




(R-r). Vf-XCR-r).V0 =0 

P 




(2) 



P(r) 



(3) 



2 ^> 



R . Vf + (R-r) . W-X ~R . Vi{i + (R_r) . V" =0 



(4) 
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, 7f, 
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r . Vf 



r . 

r.Vf=0, r 

r . Vf = - Or . Vf) ; r . V<(> = -r . V0 
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r , Vf r . Vf 



(3), (8) 



(R r) . Vf 

7^ - r - =-- 
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r. Vf 
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(R - r) . Vf CR-r) 



r . Vf 



r . 



P(r) 
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fij 



R = (X, Y, Z), r = (x, y, z;, 



Vf=(f ,f ,f ), V(t)=((t) ,<)) ,<|) ), f =f x+f y + f 

x' y y. ' ^ Y x T y /. x xx xy J x*/. 



(X - x) f + (Y - y) f -H (Z - z) f (X - x) (!) . + (Y - y) <D + (Z - z) * 

x / N .^ 



X (f xx X + f xy 



9 s x 2 + 2ax + y 2 + 2by = z 2 + 2cz 
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1 .ftx, y, z) = x" 2 + 2ax -y 2 -2by = ; 4> (x, y, z) = y 2 + 2by - z 2 - cz = , 



=2x + 2a, f =-2y-2b, f =0;<|> =<U =2y + 2b, <b =-2 Z - 

y x y f- 



2c 



f =2, f =-2, =2, <|> =-2, 

XX * yy * T yy ' T XZ 



2 S ar^^'-^Sg esSSoes^eo SrSgSco df = 0, d$ = o &>cd 



_ x _ y z 

(y + b) (z + c) ~ (z + c) (x + a) ~ (x + a) (y + b) ^ 



P(x, y, z) 



(X-x)(x + a)-(Y-y)(y 
(z 



x(x + a)-(Y-y)(y + b) "(Y - y) (Y + b) - (Z - z) (z + c) .. 
+ c) 2 {(y + b) 2 - (x + a) 2 ) " (x + a) 2 !(z + c) 2 -(y + b) 2 ) 



](X - x) (x + a) 3 Kz + c) 2 - (y + b) 2 } =0 

(X - x) (x + a) 3 (c 2 - b' 2 ) + (Y - y) (y + b) 3 (a 2 - c 2 ) + (Z - z) (z + l) s (b 2 - a 2 ) = 



*cc 10 : ax 2 + by 2 + cz 2 =1, ox 2 + By 2 + -yz 2 = 1 





fix, y, z) = ax 2 + bx 2 + cz 2 - 1 = 0, gCx, y, z) = ox 2 + py 2 + yz 2 - 1 = 



f x = 2ax, f, = 2by, f, = 2cz ; g x = 2ax, g y = 2py, g y = 2^2 ; 



2a > f yy = 2b > ' = 2c ; gxx = 2a, g w = 2 p, * = 2rx 



yy 
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df=2axi + 2byy + 2czz = ; d()> = 2oxi + 2py y + 2Yzz = &g 

xx yy zz . 

by - cp " ca - a a " a(J - ba ^^ 



21 



& P(x, y, z) 

(X - x) ax + (Y - y) by + (Z - 2) cz (X-x) ox + lY-y) py-nZ-z>yz 



*>"*">"*" 

w y- z 



. - boB 2 ayC 2 - caC 2 N A 

(X - x) x -* - s - + ! - a - = 

z 



BC 2 > 

(X r- X) X I 



x 
(X - x; (.Bz 2 - Cy 2 ) = 







X CA Y ABz2 










A 



s-S A. r A. r A 4? A. 



SK5oo6. ' eots -Si 




12 : ax 2 + by 2 + cz 2 = 1 &3 voSSa2o3, x 2 + y' 2 + z 2 = - 
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T 



f = 2ax,f =2by,f 

x y z 



e =2x, e = 

* y 



P(x, y, z) 

[( - x) x 3 (c - a) (a - b) f (c - a) z 2 - (a - b) y 2 = 



. 10 



rf - ag = ^ooci 



!(X-x)x 3 (c-a)(a-b)(r-a) = 



b-c 



a-b 
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At 




P(r') 



(R - r) . r = gc f K - r) . t = 



r A r 
rr r \ = 



>J 13 
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1) 



oJ '6 



(2) 



(i) 
(ii) 



b ! i r A 






n r A (r AT) 



(iii) 



(t) 



(s) K S 



b I I r' A r", n 1 1 r" (r 1 . r" = 0, r'~ = 1 ) 



2.9 




t, n, b 



Ci) t.n = 



(n) t^ = n 2 = b* = 



(iii) 
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. t 9 n, b 



F(t,n,b) 



?66oa 




R 



fi) 




, r 




n oo $Bsa). 




(b) 3 t, n, b 







. i.j.l 



(r) 



(R-r) . b = 



(ii) 



eo 



(R - r) . t = 



(iii) 



(b, t eo $OK&a). 63 



(R-r) . n = 




C 



- 2.7 



13 : r = (t - 1, V3 (t^ - 1), 2t - 2) 




x = z, y = 



25 



f 3t 2 2V3t 2 



r = (6t, 2\J3, 0) = f 



, 12t, 



1 2 ) 1 1 b 



f -2 



X V Z 

L : - = 77 = 7 
1 1 



b, L e> 




cos 



" 1 



T 

L o 



_ 2 




cos 



i 

' 1 



, 2 + 2 



7T 

- 
4 




1, L, b 

3t 2 2-va 
-2 



1 







_ 3t 2 =0=.tbL 



14 : x = a sin t, y = a cos t, z = a tan B 



z - 



ux 



(a cos t, r a sin t, a tan 0") 



z- 



to. 



cos 



o3j3$)_ 

w 

a tan n 
- r- = T 
a sec 02 



i (0,0,1^ 




, 
" 1 



6cr 15 r = (a cos 0, a sin 8, c6) 



r = (a cos 0, a sin 0, c0j 



dr 



= (- a sin 0, a cos 9, c;, -o- = (- a cos 0, - a sin B, 0) 
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0* 



r" & 3ro*Kto s-fc* n = (cos e, sin 6, 5 



CD 



(0,0,1). 
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jJSSsea 




Ofirtto So 



(t), (t + 8t) 



Q, Q + 8Q 





. .. 
nsinou= 



Ql IQ + 8QI 



- 2.8 



sin 89 89 _ Q A 8Q 1 

86 ' a~ IQIIQ + 5QI ' Sr 



8t - 



Q 

.2 



Q A Q 

S(Q) A ~^ X 



IQI 



(= 6) Q 



Q 



jaw. E, n, 
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2.11 



(sktew) 



(S) 







-2. t,n,b o (aocaaao 



(T) 



SCtorf agtf (k) 



(i) = 





t (2) n 




r 



r = r + pn 




-2.9 



PC 





(3) k 




, T 





k, t 










S(t) = t A f = r' A r" 1 1 b 2oBo3a> 



I S(t)l = k 6S S(t) = k b 





<sni I. K- (*' A r") A (r 1 A r") 
8(0) = b A b -i 



(r' A r") A (r 1 A r'") >' r" r"i r' 



k 2 

r'r"r'",t 



g 

i 

= t 65 S(b) = Tt o^dboa/Soao^o k 2 ^ SJSS 
t, Lr' r" r"\ 









s(I>At)A (b' 

jib'tl+bjbt*?] 



. n 



t,n, b o tf^j ^ttftto (t,n,b) o rf^ 




4ou*o!A 









fit! Sfi t t . t - 1 => t . t 1 = => t 31 1 1 = t J -(= r u ) 

1 A T**> So 




lr x A r 11 
r u 1 1 n. (5 2.8 





(1) 



2 s 1 =*n . n 1 : = =*n L In =>n- f = Ws)b 



b* a -to) us* Ib 1 ! = 



(3) 







t tAt' = s(t) = kb (2.12 



(1) 



(n An 1 ) 



dT = (tt+kb)/\n= tb-kt - (2) 
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s 

Sod (^^) iJ^T^a d*l) otxo. 9>n oon s 

b 2 twisted 
&otttofi. 
n b A t => n y = b 11 A t + 1 1 - Ab = tb - 
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T&3 tST - 



- t 1 ~ -0 k - ~ t ~ 
n 1 ' = - k t n 



. -t 0- - ta- 




rt 305- 




<o s tt * kb 




r * r(t) 2 M 



n = t) (ib - kn)b = - tun 



M = M ' s 



M = 



11 



t s 







*^*^^i^ 

ds 



(=1) 



= o => ~ = o = 

US (D 
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= co A t 



17 : !t t 1 t"! = ik 2 



: [t t' t' 1 ] = t . {kn A (kn) 1 } = kt . {n A(k'n + k (ib - kt)} 



Ir' r" r'"l t 



:s(b)= 



Lr 1 r" r" 1 ] = [t t 1 t"J = k 2 T 



=t 



18 ; (i) t 1 t" = kk' (ii) t 1 - t"' = k (k 11 - k - kr 2 ), (iii) t - t" 1 = -3kk f 



(iv) t" t 1 " = k 1 k" + 2k 3 k f + k 2 TT' + kk' t 2 
(v) t t" = -k 2 t 1 = kn, t" = k(ib - kt) + k'n 



t" 1 = -2kk' t - k 3 n + k"n + k 1 (ib - kt) + (rk)' b - T (ik) n 



(i) t 1 . t" = kk 1 



(ii) t-t m = 



(iii) t - 1 1 " = - 3kk' 

(iv) t" - 1" 1 = 3k 3 k' + k' (-k 3 + k" - kt 2 ) + kT (2k'i + ki 1 ) 



= k'k" + 2k a k ( + k 2 n ( + kk 1 1 2 



(v) t -t" = -k 



19 : (s) 




nS 



r =at4-bn-fcb 

n n n n 



a 



T = a i - kb , b . = b i + ka - TC , c , = c i + tb 

n + l n x n' n -f 1 n 1 n n* n + 1 n 1 n 



= (x, y, z) 



+ r n + r 2 n 



la i - kb ) t -f (ka - ic + b ij n + (c i + tb ) b 

n x n n n n 1 n a n 





n 



T n + c -b 

n + ln-fl 
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20 : x = a cose, y = a sine, z = 0) 3^o 3^& ^O^ fle) SB 



r = (a cos0. a sine, fl6)) =* r 1 = (- a sine, a cos0, f (6); 



r" = (- a cos9, -a sin9, f '(6)); 

r A r" = (a (cosO f ' + sin9 f ), a (sin6 f ' - cosO f ), a 2 ) / b 

* 



b' - ==> cosB f " + cosBf = 0, sine f " + sinBf = 



f + f = S^o^ f(0) = c. (c cosB + c.. sin0) 

I it 



21 i t SaaoS)So i ^ 



2) 

n T n + 5n oca:^ ^fi spcdo^b^^oogo 
In. n -f 5n, 3r| = => in dn dr| = 

=> In n' r'l = => In, (tb -kt), tj = => i [nbt] 

[tnbl * s-l&a T = 
t^ wcxoX> 



X. 






c: : fcfi fio^ftn- 5c OW^j^ao d^r^) 



p 

r r, xU yj + zk a^dDofl. P 

3c a 




2^ = v = r = xf + yj' + zk' 



i^j^k'/ 1 = 37, t "0^ 3 

at <=> 








gSao gp (instantaneous) 
(Jgp (instantaneous) 
v = co A r 

(1,0,0), (0,1,0), (0,0,1) 
i' = co A i = Wgj - o) 2 k, j' = - (O 3 i + co^^k, k' = co.,i - co j 
. ~ 



(2) 



k> - CO., - 03, - k _ 

~~ J. ~ 








P 5 F (t, n, b) a3 






3<3 F (t, n, 

CJ 

t 1 = (o.,n - co b, n' = - co y t + co-b, b 1 = co t - co n n 

O ^ O 1 i \ 

- t' - ~ w a - W 2 " - t - 



n 1 = -fl> 3 co 1 n - (3) 



33 



0) ]L = T, C0 2 = 0, 03^ s= k 
co G"O ^<S^ e>]bo<3. <>S a^o 6 T ko 



34 



2.14.1 r = r(t) 



R = 



dR ds 



= s 



r = rs => t = t' 





,t = ksn, n = (ib - kt)s, b = - 




'r = ts' + (kns) s = s't + fcs 2 !!, 





r = t s * + ks s n + 2ks s n + ks 2 (tb - kt) s + k s 2 n 



r Ar =ks 3 b,r = Cs" -k 2 s 3 ) J + (3ks s +k s 2 ) n + kts 3 b 



[r f r'] = k 2 is 6 




- 2.10 
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k = 



AT 



r AT 



(Ir'L = 




[r r r'l 



TAT 



P(t), Q(t + 8t)eo 







sin 86 = 



r(t) A r (t + St) 
r(t)l |f(t + 6t)l 



86 (0 



sin 56 86 r (t) A (r (t + 8t; -r (t)) 
59 " 5t " 



8t|r(t)l |r(t + St)l 



St -> 



r AT 



;J2 



de 

k = T- = - 
as 

s 



|r A r| 
k = ; 



P, Qo 

7 



r (t) A r (t) ; r (t + 8t) AT (t + St) 



ceo IS 



sn 



ao<Jg*ca Sip 



(r (t) A r (t)) A (r (t + St) AT (t + 5t)) 
I r (t) A r (t)l I r (t + St) A r (t + 5t)l 

[r (t) r (t) r (t + 8t)JJ r (t + St) - [r (t) r (t) r (t + St)] r (t -t- St) 

~~ " 



sin 



" St -> o 8v|/ St 

= [r (t) r (t) fir (t + St) -f (t)}] r (t + St) 



- _r (t) (r (t + St) -r (t)) A r (t)_ r (t + St) 
St r (t) A r (t + St| Ir (t + St) A f (t + St)| ) 



_., 




ds 



b k 2 T = r r 





Ft* 1 1" t* 1 "! 

k = I r' A r"| , t =r~- 1 ^BoS r 1 " = - k 2 t + k'm- ktb 



A r 



r 1 " 2 = k 4 + k 12 + k 2 1 2 



to 2.14.2 



r" = (x\ y", 2 



^* **\O / xO r m * *%O 

Cy z -zy^ + fax -x zP + (xy -y x) 2 

* * * f 

(x 2 + y 2 + z 2 ) 3 



t= . k" y * k 2 (i 2 + y 2 + z 2 )3j' 



x y z 



2441 




k * I *1 , i' n i^ s kb, Ijr' ^ r '] _ 
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r .. "n 

k = I r 1 A r"| , T =- 



22 * x s 2abt, y = a 2 log t, z = 




r (2abt, a 2 logt, 



> ^ > 

- 2a 3 b> 



r . ..... , 

[rr r]= 



, (r A r I 2abt 

k as a 



lir 3 ! 



l-rl - **'*" *'"* - 2a ** 



k = t. 



23 ly = xtant 





y =xtant => Sto z = at, x == at cost, y = at sint 



= (at cost, at sim, at; =* f = (a (cost- 1 sint), a (sint -f t cot), a) 



= (a (- 2 sint t cost), a (2 cost - 1 sint), 0) o^>rooc s*^S 
= (a 2 (t sint - 2 cost), - a 2 (2 suit + 1 cost), (2.+ j>. a2 ) 



1 = a 2 (t* 



38 



24 t & &3ooa& Rb 3tf"8*f5> 3>o<5>3) &o<i (c) <5rtffc>6* Q 





Sofia, Q 
QSo SosooSoOS OS&G&, 1 3*fl$tJ* fcrOt) ^ = r + ct, 



- ., j - - j ' 3S t 4- CKS 

l ds ds t ds ids 



= t + ckn 



(s) 




C 2 



k a (1 + cW = c 2 k 4 4 (k + ck')2 ^ c^V Of 



(1 + cW = AV (1 + A 2 ) + (k + ck 1 + c 2 k 3 ) 2 



Q 



25 s x 2 + y 2 = a 2 , x* - y 2 = azo 





x = a cost, y = a sint, z = a cos2t 

r = (a cost, a sint, a cos2t) => r = ( a sint, a cost, - 2a sin2t) 
r = (-acost, -a sint,-4acos2t) 

*f* = (a sint^ - a cost; 8a sin2t) 



r AT = 

siiitsin2tX-2a 2 (-sin2tcost + 
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1 "5 + 12 cos 2 2t " V2 6 sin2t 
" 



a _(1 + 4 sin 2 2t) 3 _ ' a (5 + 12 cos 2 2t) 






f(r) = 0, g(r) = Oco 

t (= r') e 6^5t^oSooo eOoo"6^oSj oo:fco w^)foo6 s^^X) t - Vf = 0, 



t- Vg=0 rttll VfAVg 




V 




h 1 = X,'t + Xkn - (2) 

h Ah 1 = X 2 k b = H eoSooaroi. -- (3) 

(4) 




- X 2 kxn = H 1 - (5) 



C2), (5)e> 



= h' . H' = h 1 l H 1 + h 2 'H 2 ' + h 3 'H 3 ' - (6) 

(4), (6) o Saod k, toSo 





2. 



S-S efl Saotf 
. 25 




40 



-a = 0,g = x-y-az = r=(x,y,z) 



Vf=C2x,2y,0),Vg=(2x,-2y,-a) 

Vf A Vg= <- 2ay, 2ax, - 8xy) = Ox', X.y', Xz 1 ) = Xt 



(1) 



X 2 = 4a 2 (x 2 + y 2 ) 



X*t + Xkn = (- 2ay 1 , 2axl, - 8 (xy 2 



Xx 
1 (2); Xy 
Xz 



32 aV 8a 3 (x 2 



* 



13UV, 



, 



- 2ay, 
2ax, 

- 8xy, 



(3) 



(s) 




. 
, "S 2 " n= 

j Oa i 



24 ax 2 



j 



(3) 



k 2 = 64 a 4 - 1 



IGy 6 + a 2 (x 2 + y 2 ) 2 



(2)- (4) 



8a? 



96 a^xy (x 2 + y 2 ) 



~ 



12axy 



y 6 ) + a 2 (x 2 + y 2)2 



26 t ax 2 + by 2 



V f = (ax, by, ea), Vg x ( a lx, b V, ciz) ; 
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b. = Xt = Xr 1 - 1 1 Vf ^ 



Bzx, Cxy) 



i r 

XT = , , 



(1) 



\ 



= bc'-b t c,B = ca l 



(1)3 (s) 




'- A 2 - B 2 - C 2 > 



(3) 



; 



(1), (3) o 



(Cx* - 



- Bx 






Bz 2 - Cy 2 = (ca l - c j a) Z 2 - (ab - a^) y 



= - a (c<z 2 



+ a' (cz 2 + by 2 ) = - a (1 - aV) + a 2 (1 - ax 2 ) 



= a- -a 



ABC 



(at-a) 



(4) 



B 




-=a -a,BB =b -b.CC^c'-c) 

(s) 



(5) 





x - x - x 
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(3) - (6) 

T X 3y3 2 3 n A 2 (a 1 - a) B 2 (b 1 - b) C 2 (c' - cX 

von - = 3 < - 5 - + - 5 - + o - i 

ABC x z y z z z J 



(4), (7) o 

A^ (a' - a) 



ABC 2 (a'-a) 2 x 



A* 

(a 1 - a) 2 x 6 



A 2 B 2 C 2 ^ A 2 



6 
X 6 



2.16 








CD 






a = 

t - a = cos a = t' - a = k (n - a) = 0; 
k = eSrf ^205 SW** woco^rei) -S* 

alit 
t, bo ^8l)cb SSoStoa cosa t + sina b A 




(k cosa-t sina) n => - = tana(fcckrt) 




7 





t f cosa -Hb 1 sina = 
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t cos a + b sin a = c; t 5* 



t . c = cos a. 



2.16.1 



X 2 + 2 = a 2 



So 



(coa) 5^ 



2,17 









a 




k = k cosec 2 a, x = k. sina cos a ! 

1 -^ 



P Sg 



a- 



^tf 




x . 



<x> 




S^Stf k, 







(ii) k, teo 




a 



So 2>2oJoS Jtff* arfeSBOS -*$* P(r) 



(1) 
(2) 



, 
ids 

= 1 + cos^ -2 (a - 1) cosct - sin 2 a 



= sinads 
coseca t - 



? = kn coseca =^ n 1 = n 



=k coseAx 



= tana 



t = k cota 5^ k, sina cosa 



(S) k, *eo i&r>OQ^ 



= k 



27 1 Sac = 2b *ax&>p& r = (au t bu 2 , cu 3 ) SoofiOS e^dbofi 



r = (an, bu 2 , ox 3 ) =>> = (a, 2bu, Scu 2 ),!-' = (0, 2b, 6cu), 
"f" s (0, 0, 6c) 2o6oS 



r A f = (6bcu 2 , - Gacu, 2ab); fir r r"] = 12abc 
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Crrr'1 3abc 



Ir A r 1 2 



2 "9b 2 c 2 u 4 + SaVu 2 + a 2 !) 2 " 3/2 



3abc 9c2u 4 + 4b 2 u 2 + a 2 



Sac = 




2 " 
3abc 9c2u 4 + 4b 2 u 2 + a 2 ~ 3ac' * 




28 * x = at 2 , y = 2at 

<t> 



3aofit3 3g3 i r = (at 2 , J2at, s cosa) => r = t= (2at t c , 2atS cosa) 

=* I = (4a 2 t 2 -K4a 2 ) 
dt sina 



ds 



_ sin 2 g - 1 sin 2 a > , sin 2 a 

t- . . 



k 
sjfi 




sina cosa. 



s * >co co apco z - 




(1 + *) M 
p = - v- . p s p 1 coseAt, a = p tana 
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2.18 




(3) 



Q, R - P oacoS P 3g 



P, Q, R o 





- 2.12 




r generic 0*^, c 



Ir-cl = a 




a 




So 





- cj. Ws) - c] 



(3) 



O(s) = 0, 0Ys) = 0, <p"(s) = 



2 



' = t, r"= kn, r' = i 
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(r - c) 2 = a 2 , (r - c). t = 0, (r - e). n = - p 



r-c 



6ooDo<2> eslb 



Xn 



&oe^oo<S 



c = r - Xn If^ r + pn 



r + pn 







= r- 




= a 




CD 





c = r- = r + pn 



"Ion iS^a 



ds ds ds 

(r + pn) 1 ; = [t + p 1 n + p (tb -kt) ; = (p 1 n + ptb) : 




tan a = 
P 



(2) fe 






n 



a 



p'= 



43 



ds 



= -n 



k 2 



29 : 






Ir-cJ =p /\*^2o^, b=0 
r r(s) 



<Ks) = (r(s) - cX (r(s) - c) - p 2 0. 

C, 3Sori >o<5>3).P(r) ^ooo* CP 




(r(s) -c). t = GKs) - c). r ' = = r (s) = 







2 s ssaro scj sen 



2.19 

^oda 2>^2ao cSbo^. ^-CD^ fioCb^eo P, A, B, C o 0*^0- 
A, B, C -^ P 






S tofi3D> R 




fr-g| - R 
r r(s) 





jl 

'4, 
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(4) 



= =* (r- s) 2 = R 2 ; ^(s) = (r- s). r f = 



(r - s). t = = (r - s) 



= (r - s). r" + r 1 . r' = 



k(r-s). n+ 1 = e! (r-s).n 



= (r - s). r'" + 3r'. r" = 



(r - s). (kn) 1 + 3k (t. n) = (* 1' = 0) 

k' (r - s). n + k (r - s). (tb - kt) = ; (r - s). t = 

k 



^ 

=> (r - s). (k' n + k t b) = => kT (r- s). b =- 

(r - s). b = p 2 a k 1 efe - p' a e^dbofi. 





-p 



p 



* 



) -2.13 
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r-s es&ooBdteSaadr 6o*joo& 



r < 
V 



00:06. 1b a&gtfe^e&od X = - p, ^ = p 2 a k' 



r + pn + p' a b 






,2 





p' = 








nrt 
30 : 



t At" (t A (kn)') t A Ik' n + k (Tb - kt)J k' b - kin 
k 2 t ~ k 2 t " 



1 1 A t" I 

= R 



31. 






-2 

^^ 'I _* 

ds V p 





' dc il. 

" ds " t i s i i=s * + P 1ll + P(*-kt)=:p l n + pTb 



ap'n + pb 
P 



633 






(2) IP 



R2 = ' 2 



h 2) 



R\/RY 



hh' 

R 



(1) 3 s 



T> "D y-TO \ ' 

k-n, ' +( ) t- 
p i j-a <> i 




h f n-fh(Tb-kt) 



k l R2 



hh' h A, 1\ ^ 

t = a t + I. h -- . n + b 



H 2 h 1 p 

1 r 



i r -LI 

* + " "~ 




R4 



R 2 




CT 2 p 2 



2 2h' q p 2 1 



p 2 a 1> 2 p' 



3*2 : 







r = (x, y, z) => r' = t = (x 1 , y, z), r" = kn = (x ', y", z") 



2 
l 



" 



k' 



z' x' 1 ~x' z" x' y" -y 

k 



I * ' 






" " 1 -I- v" V nt + Z M z 1 " 
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Ib'l =t = 




k (z r x'" - x' 2"')- (z' x" -x'z")k' 



k (x' y" - y' x-) - (x' y" - y 1 x") k 




M 1 1 1 \ 

z z ) 



(y' z" - z' y") (x" x'" 4 y" y 



ry z - z y 




Sr ggrfi** "So^Sco x - 

M r i 

DX K. , , M r ,T?\ 

X+-H- -r (y z -z y) 

t 



R = 








2 



" 



(x" + 



i 



1) c 



2; c, c. o 

1 

3) c 






j'tfj"6qp. 




e)oo2i"6?, 










S = r + pn H- ap 1 b 



P(r) c 



dS 



P(r) 



i 

. -r- = t + p' n + p (ib -kt) + (p 1 cr) r b - p 1 n 
r r 



as 



+ (p 1 a)'] b 



ds 



tjl b ~, = P T + (p' a) 1 



b eo 



= b 



ds- 

, n, 

i i as 



n- n ; k v [pr + (p 1 a)'J = i 

J- *- 



n 




6*5* feS 



ds 



(1) 




ds 



ds 



k = 



ds. 

, -r 
i as 



= TC 



ds 



j_ [pt + (p' 



(2) 



T, = 



r-rr p' = 



(p a) 



= k 2 w 
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tic? 33 : r = (2t + 1, 3t 2 + 2, 4t 3 + 3) e2o 



(i) 6 



. (ii) 



(1, 2, 3) 



P (1, 2, 3) => t = ; r = 2t + 1), (3t 2 + 2), (4t 3 + 3)) 

=> V = (2, 6t, 12t 2 ), r = (0, 6. 24t). 'r = (0, 0, 24). 
t = 3<5 r = (2, 0, 0), "f = (0, 6, 0), "r = (0, 0, 24) 

Cj 

C4) 



(a, P, 



(t = 0) = [(1 - a) i (2-p) j + (3-y) kj. 2j = => a = 1 



-p)j + (3-7) 



8 
3 



= 3 




1, 3 , 




= a, 2, 3) - 

^ 



| 



55 
2 



(X - 1)2 + 

3 (x 2 + y 2 + z 2 ) - 6x - 16y - 18z + 50 = e^dbofi. 



a!b*aea> = R - r, r, r' =0 

*** Ml I 



-l)i + (y-2)JH-( Z -3)k].12k = 0=> z-3 = 



3x 2 + 3y 2 - 6x - 16y + 23 = 



34 : r = (a cos t, a sin t, a cos {5 1) e&>SooS>a5 ?T*$o& 2>i So- ^ 

^ 





r = (a cos t, a sin t, a cos (3 1) =e> r = (- a sin t, a cos t, 



a cos 



- sin t cost A ^ dt 

' cos p ; dl = (a cosec ^ 



* 



i - cos t - sin t rt > _ sin 2 B _ , ^ 

kn = - 5rr, - s-r, '=> k = - ^ k' = 

cosec- p a cosec^ p ; a 



= (- cos t, - sin t, 0), b = t A n = (sin r cos p, - cos t cos p, sin 



f ^cos t sin p cos B sin t sin p cos P _ > sin cos 

D = ....... li , ........ .. , = tn => T - 



T?2 

K " 



a 

k 2 1 



2.19 



35 : 





(i) dBj = R dRA/R 2 -p 2 , () P! K~; 
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rfft 

(iii) O- ss - - 2o6oSo (iv) pp. = 

* CT up 1 




= p 2 +p 



R 

i 

p'o 



- p 



(i) 



R 2 = p 2 + pf a 2 =* R~ p\= pp\ + (pi a) (p/a)/ 



dp 




'i pt + CpTc)/' 
_Rp_ dR 



2.19 




(iv) 



dR 

(iii), (iv) o ^ood p 1 = R"7 ^)2bo6 - (ii) 



pl 



2 -- T - - 
(pi a)' JR_ dR 



P 



d 

1 



_ 
K d 



dR ds 



36 : 

CJrttod. 
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I 2 
R 2 = p 2 + pr a 2 = p 2 + ^- 









2.15 
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- I 



c 







- 2 t 











t, t x + St e ^oCS^ea^ 56 



_ v _ > 
ds 1 ~dsds 1 ~ Kn ds 1 ^"i = 



(A) 



C&&& 









fis "Sodb 



ds Tb-kt 






2 



r eo 




= * 






(2). 



(1) 

T *.i/i.y 

Sl -*- \k/ 



(2) 



, t 

' MB 




' - tk ' 



k 2 k 



k 2 (t+k)t 



(B) 




dn ds 

^T- j^ 
as ds 



.ds 



ds 



. 

i - (t 2 + 
l 




tb-kt 



L (t 2 



- D 



6Q 



SeoSfcoA k 1 



' f ~k^t)-.3 (kt r -k t t) 2 (k 2 



. f ft? + 1 2 ) (kt 1 -k'-T) (kT tT -k u t) - 3 (k-c 1 - k r t) 2 (kk r - + rc f ) 



(C) 



ds 
; - 

(Tb-kt) 



(k. k 

l J 



k. k. ' - 



k(Tk f -kt l ) 

' 



37 : 











S(s) 



3 -= r * pn + qp l b = 



M = pn + op ( b. P, Q 

R = r + pM, HQ ibStfoio R = (r + 8r) + q (M + 8M) 



, HQ oo 3>3 eotft^iSrtf "6^ L, M >>* -^Qdo^^^ SP ^ L X : 1 




L-a 

CD 



l(r + M) r + M 



LM1HQ,LM1SP:=> LMll SP 



LM, HQ eao 



= M A M 1 . 



-8r, M + 5M, M 

' ' 



[5r, 6M, M A M] -> s$>S Ss 

* 

[M, M', M A M J ] = (1 + X) [t, M, M + M'3 3$ 



[M, M 1 , M A M'l + [M, t, M A M'] 
[t, M, M A M 1 ] 



M= pn + op 



a p (Tb-kt) -- p 7 n-cp x (tn) 



M 



= PM* - 




R 2 



R 2 



gg X = 
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38 : 




r = (a cos 9, a sin 9, c9) == r 1 = (- a sin 9, a cos 9, c). 6 1 
d8 



. t = (~a p. sin 9, a (i cos 6, en) => kn = (-a^ 2 cos 9, a|i 2 sin 9, 0) 



;n = (-cos9,-sin9,0)=> b = t A n = (c^t sin 6, - cji cos 9, 
- tn = (cji 2 cos 9, cji 2 sin 9, 0) => t = 



/. G) jC^o^oC&^j^5^5b^c32o3r 1 = t;x = -a^ 
2 qi fe x 2 + y 2 = a 2 M?, z = 



(ii) ooo o r> naa r = n 



(iii) 

^ = b =^ x 2 + y 2 = c 2 ji 2 , z = 



k <a , 

T ^7" (~~ ta* 1 -> 




k = A / 1 -*T7 = cosec a = S 




k - 

" 
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2*21 Lancret 



S t , S^, S b 



ds. ds 



t, n, b o 



ds ' ds 



ds, 



. =* (ds J 2 = (ds fc ) 2 + (ds b ) 2 . 



n 



Lancret 



[(ds b ) 2 + (ds t ) 2 ] 



1/2 










2.22 




d , 
64 





OP = S, P : (x, y, z) 



= r(s) 





s 



s 2 k ^k l s 3 ki 

+ 6 ..... * Z " 6 



s = 






ks 2 kx 2 

= s, y =-- A y = 



ii) ^S^cboCfc t3ToS^* x = s, z =~ ^ x 3 = 

6 kt 



z = - 3 - 2 
A o 



iii) esOoootSc2co6^ y = - z = - ^S y 3 = - z 



i 




fio<s>$> P oSx^ aar-:sg:se 

3* So t, n, b e3 arOoOS x, y, z 0& S 3 
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JK 




2.17 



2.23 






C "^> 






1, n, b o 



A, 



fla) 






P esocoS P 




2 3 

f" (a + f" 




f(a) 




t = 

P 



-- (k'n + kib-k 2 t) 



3 
^ 1-3 kk 1 1 + k " -k (k 2 + i 2 ) n + 

6 n 



2k 1 1) bj 



(s 



3 




66 



=$ I ~ 



S3' 



b *>*<*. 



P 36 SO-ft wOeocf&P n 



p 



!l + tt"-T(T 2 +k2)} S 4 



b 

o 



P 

' 



s 3 

S 



f 
t 




39 : U ^ 0, P CD OP = S ecu* O, P 



o 





0, P 



(0, 1, 0), (- ks, 1, ts) 




;rt3 




6 



9 = s (i 2 + k 2 ) 



40 : 



i 




ooza2cD d 



kts 3 




P, Q 



S K Si 



r(0), r(s) 



r 1 (0), r 1 (s) e 




ooo^co r 1 (s)Ar 1 (0) 



d = r ' (s) - r ' (0) & PQ 



|g . (s) Ar . (0) | 



(Xs 4 ) 



+0(s 3 ) 



1/2 



I r r (s) - r ' (0) I = [s 4 k 2 1 2 + (k ' s 2 + 28k) 2 ] = 2sk 



Ms) ^rCO), r f (s), r'(0)] = . 

' s 



d = 



68 






41 : 




sp [p 2 + a 2 ] 



1/2 





p 2 : a 2 



(i) P(r), Q(r + Sr) 



r = r(s) 



n, 




= 8 = 



k 



fr 1 nn 1 ! 

5=7 - 7 ds (5s 
in A n 



. r> n / n + g . 

I n A (n + 5n) I 



5s - 






i 



ds = tds 



i 



s 



5 = sp (p 2 + a 2 ) 



(ii) P, o 



AP, BQ 



. AB = 



= 5r + (p.- X) n 



AB 1 AP, AB x BQ 



- n 



n). n = 0, {6r + 6n - X) n + p.5n). 5n = 



=> L- = 



{t 



n 1 = 







A 
AC 



PA 



AB, PC o 3i\S 

oJ~* 

k/k 2 + 1 2 



k k 2 



k k 2 




CA : AP = p 2 ; a 2 
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r s r (4) 



(Y* > 



P(<> 



2.18 



2.24 





C 



CO 




C, G I 



o 




C ^o C 




2.24.1 




r = r(s), 



r = 



= r 






n 



X+ s = 



ds 



r 



=(c-s)k. 



= n 
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lc-s)k =k i n i 



{c - s) 2 k 2 



Tb-kt 



b, =t. 



Tt + kb 



t* = 



(T 2 + k 2 ) 2 k 2 (C - S) 2 



k 2 T = [t t ' t 1 *] 





-Jr 




2.19 



(1) 




x = r + (c - s) t 



eSo*S ['] 




(c) 



J **!- **J 



(c s) k 
(2) t. 1 = - n 



ftcx&odS aj^3"6$ex> S^orftfiD e^craxL 2o6o&D Jb 



C 






2.24*2 




C ^^0^232500 Wfb ^(^^ G ^) C 

r = r(s) 

P(r) 



C 1 






r = r + Xb + |JJi ; (X, |ieo s 
ds 




. 

,-^ =(1 - pk) t> Oi J -Xt) n + a 1 + JIT) b 
i as 



li'-Xt X'*,.. 

= p ; = (.= A) 



r t i i j' * 

I ids = cot- 1 l-l + a. 



ids & <> (s) 
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= p cot [((> (s) - a] efe 



7C 



p tan[<|)(s)4.c],c=^- -a 




x = r + pn - p tan [<(> (s) + c] b es 



iV' 



(1) 



to|6a ^5bStfca2oD &>od 



B) 



(AS 



(2.19 




2.20 



(2) 





A, B 



P P 



20 ff*o AP, 




a = Og- 0^4(8) + c 2 -L*(s) 



(s) 



r = 



ds 



as 



ds 



--c,^ [- 



* 



kt sin y - k 1 cos 



cos 



k n = 



kt cos 



_ 

i n l = (k 1 cos V - kp sin \|/)/k 2 cos 2 



k = 



k 3 cos 3 y 




b =t 



ki sin y-k 1 cos y 
k 2 cos 2 v 



_ 
" 



_ 
l " (kT sin v - k 1 cos 



^ 
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42 : 






- 



tk 1 -kt 1 = 



= 





Ci 



r = (a cos 6, a sin 9, a tan a) 

=> t s = (- a sin 6, a COB 6, a tan a) = s = a sec a efe 

s = a 6 sec a t = (- an 9 cos a, cos 6 cos a, sin a) 






(c-s)t 



= a cos 6 - (c - s) sin 8 cos a, 



y s a sin 6 + (c - s) cos cos a, 

z = ( a 9 tan a + (c - s) sin a) s = a 9 sec a 

4 

x = a (cos 9 + 9 sin 6) - c sin 9 cos a, 

y = a (sin 9-9 cos 9) + c cos 9 cos a, z = c sin a ( Mcrfl) 



(xy - 





UX 



43 : 



i* = r(s) 





R = r + pn - p tan [<)) (s) + c] b 




t/= ( sin 9 cos a, cos 9 cos a, sin a) 
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cos 6 cos 2 a - sin 6 cos 2 a 



a 



a 



,0 , 



= (- cos 0, - sin 0, 0) b = t A n = (sin sin a, - cos 6 sin a, cos a), 



cos a sn a cos a 

, t=- 
& ** 



x = acos6-pcos6-p tan (8 sin a + c) sin sin a, 
y = a sin 6 - p sin 9 + p tan (0 sin a + c) cos sin a, 



z = a tan a + p tan (0 sin a + c) cos a o3 



44 : r = (3u, 3u 2 , 2u 3 ) o twisted 




= (3u,3u 2 ,2u 3 ) 



ds 3 (1 + 2u 2 ) 



2u 3 . 





(c-3u-2u3) 




. 
= 2u 3 
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45 : li Si^toSSo "io^aioo 




s)o2o s 

-4u 2(l-2u 2 ) 4u 
(1 + 2U 2 ) 3 * 3 (1 + 2u 2 ) 3 ' 3 (1 + 2u 2 ) 3 , 

2 f -2u l-2u 2 2u 



3 (1 + 2u 2 ) 2 ' = 1 + 2U 2 " 1 + 2u 2 ' 1 + 2u 2 



b= - - ^5o3u t = 

* 



- -^ ., 2 . 2 

+ 2U 2 * 1 + 2U 21 1 + 2u 2 3(1 + 2u 2 ) 2 



= /is = f QM n 9 . 2 3 (1 + 2u 2 ) du = 2 tan' 1 
3 (1 + 




r, = r + pn - p tan y b 



3(1 + 2U 2 ) 3 ^-2u > 3 (1 + 2u 2 ) 3 , 2u 2 



2u 2 ) 3 l-2u 2 3Cl + 2u 2 ) 3 ^ - 2u 



3 (1 + 2U 2 ) 3 2u 3 (1 + 2u 2 ) 3 



, 

tan\|/- 
1 + 2u z 2 T 1 + 



y = (1 + 4u 2 - 4u 4 - 8u 6 ) + 3u <1 + 2U 2 ) tan (V5 tan- 1 V2u) 



s C8u + 14u 3 + 12u 5 ) - (1 + 2U 2 ) 2 tan (V2 tan" 1 V2u) 




t 



a^S2oo C 3 AbS jaqrft ^Oo6o"5g)co q&r^ Si^Sco C. 




; C 1 &> C 
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(i) 
(ii) 



(iii), 




go 



2o<Sc 





P(r) 



X (r 



r = r + an, (a = a(s)) e 

= (1 - ak) t + a? n + a 
n (= nj 

1 



a 1 = 






(1) 



-j^'s (1 -ak) t + atb ; t. t x = cos 9 (6a 





(- sin 9) 9' = kn. t- -f k n n,. t s, ) = (-.- n = n) => -r- =0 

iiii i as 








(2) 




'a 




2.21 



t, b 05 ;t ,b 1 co n & OOO^COGD 

i 

t, t o So$S*o2flO tt WOGOS b, 



- 21 (ii)) 

> 



t-^tcosa+bcos -f a 



ds 

, 
ls, 

ak at ' ds i> 



^ _ 

cos a - sin a ds 



(a sin a) k + (- a cos ot) t - sin a = (3) 



46: Mannhein 



tfo9. C, 




(PCP CJ P IS) s3 C 

A JL ^^M 



(i) 55^o S3r*o^^ = t , 



a ds 

-sin a ds 
1" a ds. 



re- = 



;2 a 



(ii) ^ sart^^ so (4) fio^^^ A, B, c, D 



(ABCD) 



PC 1 IC 1 P 1 



- P i C i 



(P, P r C. C : o ^aafaa r, r v r + pn, ^ + p n 






t 



pp a 

(PC ' 



, a _ p | 



2.25. 

s 

k(s), t(s) 

k, 




Ibtf2S : k, T co s 



P, P I o^ fcj^Cfcbciefeo s*^ e3j oSotfraotfo^jo Sg 




f ^ 

, , (1) 

ds r 'ds ds 




dy i 

-r- = f. (x, y x , y 2 .... y n ), i = 1, 2, 3, .... n 



f. eOOfcNSao 2o6o&> b^^ar-oc^oex), Lipschize 

1 -J ot sy r 




, y 2 , .... y n 




(1) &> 3 



a^s), p^s), y^s) ^o^cxo. S = S Q i>g ^D 1, 0, 



a 2 (s Q ) = 0, |3 2 (s c ) = 1, T 2 (s ) = ; a 3 (S Q ) = 0, P 3 (S Q ) = 0, 
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80 



a 2 + p. 2 + y. 2 = 1, (i = 1, 2, 3Xr63a&2o2o:Sooci), 







04 - ty 2 p x ) = 



esib 




A = P 



- a 3 



(6) 




t = 



a 2 , a g ). n = (P r P 2> pp, b = 







r= . tds - (2) 




. (ti ^ b) 







k, T 



(fir 




t, n, b 



s = 



N 



(t 



. t 



a 



i.O 





s 





RHS 






(k 






s 



r 1^ + b r b 2 ) ' = t r (k 2 
+ n 2 . 



, b 




3 



, n, b w 



(1) 



(t, n, b) 







r L (0) s * 8 (0) e = 
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V? V2 



J 




Orientation S^ds Stf'&SS S^J&BO tf&Sco 

I 

2.26, 36j3:Srtt S^fiaeD i 



eo 






^ cr 47 : p = a =-77=^ frj^SS %!b$tfe&ocon* So 




^ t = 

z- 



> ,=^ xy = ^ x = 
V Vi; y 2 iS"^ -V2 ' 



-v 



2 s g 

ds s 2 *4 7 * an ^ = <7 




3(5*60 



y = V2 cosh 




So 



48 : x = ae 4 cos h, y = ae 4 sin u, z = 




r = (ae 4 cos u, ae 4 sin u, be 4 ) => r* = t 

= [ae 4 (cos u - sin u) u 1 , ae 4 (sin u + cos u u 1 be 4 u 1 ] 



= e* (2a 2 



s = 



b 2 ) 1 ' 2 e 4 ; 



, . 

t =s 



cos u - sin u a (sin u + cos u) 






- a (sin u + cos u) a (cos u - sin u) 
e 4 (2a 2 



' 



a 



b = t AU = 



- (sin u + cos u) (cos u - sin u) \ 

' 



2a 



(sin u - cos u) - b (sin u + cos u) 



(2a 2 + b 2 ) 1 / 2 ' V2 (2a 2 



(2a 2 



(sin u + cos u) - b (cos u - sin u) rt 
in = " ," , _ . 

V2 (2a 2 - b 2 ) e 4 V2 (2a 2 + b 2 ) e 4 



a 



s 



' s (2a 



2.27 






k(s), t(s) 03 3 
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^^W i 

ds ' 

o &o& P, 



a 6 3 - 



Riccati S 



" 




1+Y-l 



1+Y 






1 - wz . 1 + wz w + z 



W - Z 



, 

X - Z ' ' W - 2 



(3) 



(2) &> s 




dw a' H- jp 1 a + 
ds r 1 - Y + (1 - 




Y " 



fc (A) 



kp~ika + ity-f- wx 



(4) 



(3) 



2w 



(4), (5) o&oi P So 



dw 




h 
- 



itw 2 





df 




(7) 




aP + Q 
f = aR'+S (a oflWSjQj fco-oglfco, P, Q, R, S eo cy>3& (s) 



(it., b., Y., (i = 1, 2, 3) o&> SfcJTSDoSb w. SORS 




a. ^, z. 




b. 



1 - w z 1 + w z w + z 



< 

a = - R =1 - 
w l" 2 l w l"~ z l 



(9) jjKkaaMaoeo a., (3.,% eo 
a. 2 + B. 2 -i- y. 2 = 1, a. a. + B. B. + y y. = (i # j, 1, 2, 3) 

1 r l 'l ' 1 J M r j 'l 'j J ' ' 

(3) 

2) a^ABS (3) S!btoaDo& >^o^b^oo a., b. 

**^ i 







" W 2 Z 2 } + (W 1 + Z l ] (W 2 * Z 2 } 



(8) Sood w-, w 2 , ; z-, z g o 
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a., b, 



(6) 



4* (3) 



><$63x> 




b --1 b = - i 

=i,a = ~, D i- * 2 



= 



w i = 



P + Q 



, z z, z e 




=* a, = 



1 " w i g i (P 2 - Q*) - (Q 2 - S 2 ) 
w,~z, - 2CPS-QR) 



. [(P 2 - R 2 ) + (Q 2 - S 2 )] 
l 2 (PS - QR) 

RS-PQ 



"3 =ps - QR 





x= j ttjds.ys. a 2 ds,z = j otgds 



(11) 



k(s), 



t(s) 



- = c 



ds ~ 2 




-2cf- 1 a 




f=c 



(f - f j) (f - f.) = 



a e fc tf 2 * 




s-^J. 



= 



Jcostds 



* 



z = 



37 





. (3t, 3t 2 2t 3 ) 








2. 



= 0, X = 




y (Y - y) 



z(Z-z) 



a 2 (b 2 -c 2 ) (a 2 - X x ) " b 2 (c 2 - a 2 ) (b 2 * X^ " c 2 (a 2 - b 2 ) (c 2 - X t 





3. / x - my -h nz = 0, x 2 + y 2 + z 2 x 2cz 



ax 2 + by 2 = 2z 




4. (u cos 9, u sin 9, c sin z9) So (u. 9) 



(inflexional)l^ '2 - 





(u, 9) 



2)0(30 



5. x 4 + 3xyz 4- x 2 - y 2 - z 2 + 2yz - 3xy - 2y 4- 2z = 1 



(0, 0, 1) 3 3 - S 



6. 



3g (t 4 - 1, t 3 - l p t 2 



- 8y + 6z = 




2 - 



7. 



= 2z<*;eo3cr^ 



a,b, 



8. y 2 = 4cx 





9. (a cos 9, a sin, c9) "i 9 2> 
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QZ 

x cos 6 - y sin a + = a9 

c 



10. 





11. (u, u 2 , u 3 ) 



12. (3au, 3bu 2 , cu 3 ) ^)5o u = 
- -r- +- = 



13. 



(a (2u + 1), bu (u -f 2), cu 2 ) 



P, Q co 




14. 



- r, 
c t 



.., 
a t 



; T 
D t 





PT 



PQT 



P ^ R 



it^ 1 

ItW ' 




P Si 




ax H- by + cz = 



2 2 2 2 



15. x + z =: a, y 



b 2 



- a 4 ) = ,a 2 (yy ^ - zz^ - b 4 ) 



16. 



frbS 



a 




es 




x 2 + y 2 4- z 2 = a 2 , z (x 4 + y 4 + z 4 ) = a 4 e 



17. r = at 3 +3bt 2 + 3ct+d(3)) 



Alba 



3 [rbc] = [rad] 
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18 



2 2 Z 2 



I = l (A = ' x > ^' (x r y r 



A = 0, X o 



x (a 2 + M.) yy l (b 2 + ^) Z z x (c 2 



a 2 (a 2 + X) (b 2 + W c 2 (c 2 

19. (a cos 9, a sin 0, c0) 



a 2 (x 2 + y 2 ) 



20. (a sin t, a cos t, a tanG t) ^ fto&>d;6 (i) 
(ii) 3*>o oED"6?)ex) 2 



CO. 



21. (4a cos 3 9, 4a sin 3 9, 3c cos 29) w^o 353;6Sj Ao^ad^ (i) 




(ii) lobcf ^ esC)oo8i"5p, (iii) 6^)oo2o"&^p, (iv) 




22. (i) Lt 1 t 11 t ln ] = k 3 (kT 1 -k 1 T),(ii)[b 1 b 11 



23. z-S Sga 6&%$ WDO&> wSg ^cr ^oCJb^o^) k = 



r = r(s) S|Si& &533rtj6^o 6od^) r =- + Jbds So 



25. r = r(s) w&SS2co k SSrfgoSjodi03 o^)^ r = pt - nds 



26. 8-S SjSSoDS6 ftlbS ^jC(j"fl9), ^^raoow"&speo ^66^^ 9, 

sin 9 ' d9 -k 

: TTT = - 
sin ()) d<|) T 
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27, 



28. 




30. 2ar-oao&3) 6 t, n, b 



31. (a cos 9, a sin 9, fle)) 



32. 




29. z a^Saa CJSoC& Scs2co 32co v, 



= b - k m 1 + tm 3 , m g =-n--cm 2 



Cir-Sod 
33. (i) SJ^M ( a ) aanotf^o^ (b) 

(ii) aoajtf^e *ofcoo> (a) 

(b) acftaaa aarotfaa 



aa S rfea l sa M 



34. 4 





(c) 
P $o<3x P 



2 

tan" 1 - - 



f(0) 
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35. 





36. 8-S 32co Stfofcajo e>tooS6 5*SSo So2b^o^D [t t 1 t 1 '] = 0. 



37. Coinbescure 







(i) 



k l T l ds 
(ii) T- = = 
k T 




38. ^ g2oDS P S A!b^> SCJjfcqp t 3oad PQ = C wfeftoj Q 

t 2j*orfa3o &3 3^1* Q 



39. (i) 2^ ^^F,, (ii) 



40. (a cos 2t, a sin 2t, 2a sin t) 



(sin t + sin 2t cos t) x - 2 cos 3 1 y + 2z = 3a sin t 

Q 

T = (5 sec t + 3 cos t)" 1 bScCfco 
a 



41. e-S Sg^osSSb fioSizjdS (i) o* 0ooes"6, (ii) 




(i) kj 2 [(1 - Ck) 2 + C 2 T 2 ] 3 = [CT 2 - k (1 - Ck)] 2 [C 2 T 2 + (1 - Ck) 2 ] 



(ii) k x 2 (1 + C 2 1 2 ) 3 = C 2 T 4 (1 + C 2 

+ (k - ct * c 2 kt 2 ) 2 
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42 

g sin a cos a 



i) (a cos 9, a sin 9, a tan a 6) 










i i ) (a (3u - u 3 ), 3au 2 , a (3u + u 3 )) s. k = t = ^ + u 



- 2 



a cosec 2ia c cosec 2u 
i i '. . ;[4a cos 3 u, 4a sin 3 u, 3c cos 2u) . g (a 2 + C 2)' g (a 2 + c 2 ) 



iv) (3t, 3t 2 , 3t 3 ) B. k = It I - 5 (1 + 2t 2 ) 2 

v } (a cos 2t, a sin 2t, 2a sin t) 

!_ 

(5 + 3 cos 2 1) 5 __ 3 _ 
*' 2a (1 1- cos 2 t) 3 * a (5 sec t + 3 cos t) 



vi) (a \b t 3 , a (1 + 31ft, a Vb r) a. tS^Jf^ a' 1 (1 + 3t 2 )- 2 



vii) (2abt, a^ log t, b 2 1 2 ) ^V^ 2abt 



u 2 + 1> 3u 6 

-j ' - 



ix. :.e u , e~ u , % 2 u) a. k = It I = 4 V2 cosh 2 u 

a (b 2 + 4a 2 sin 4 u) 172 
x a .'u-sin u;, a (1 -cos u), bu) a. >ie$ 575 

V. f ijj^CJ/Ai 

b + 4a 2 sin 2 pr ' 



x i ; (a cos 8, a sin 6, a cos 29), 9 = -7 



"' a M + 4a 2 ) 3 -' 2 ' 5a 

i sin G 
si:, ,a tan 9, a cot 6, a \ 2 log tan 9) es. k = T= =-a 



xiii ;2a rin-lt + 1 \ 1 + 1 2 , 2at 2 , 4at) as 



xiv, 2a cos 2 , 2a sin 5- cos -5 2a sin 






vo> tJ J6 'CO 
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5 + 3 cos 2 



1/2 



23. 



u 
3 cos 



2a( 



fl + 






co S 2 T " "a '5 + 3 cos 2 
2 i 2 



x v) (a cos u sech u, a sin u sech u, au - a tan hu> 

2 
23. sechu, ! 



a 



xvi) (a 9 cos6, aO -;ie, ab6) 



23. 



[4 q + b 2 + e 2 ) -i o^ (b 

a (1 + b 2 + e 2 )-'' 



b (6 2 + 6) 



J a [4 (i + b 2 + e 2 ) + e 2 (b 2 + e 2 )] 



ixvii) (a cos h t, a sin ht, bt) 
a 2 (a 2 + b 2 cosh 2t) 



(a 2 cosh 2t + b 2 ) 3 'a 2 + b 2 cosh2t 
xviii) (x, fix), g(x)) 



23. 



(f g" - g' f ') 2 + f l + 2g" 



f" g" T - g" f" ' 



(f g"-g'f') 2 + f' + g 



" 22 



xix) 



a 2 , x 2 -y 2 = az 



xx 



a (5a 2 + 122 2 ) 172 6 (a 2 - z 2 ) 1/2 
(5a 2 -48 2 ) 3/2 ' (5a 2 +12z 2 ) 

(8 + 50 2 + 9 4 ) 1/2 6 + 2 



x 



43. x 2 + y 2 + z 2 a 3, xy .+ yz + zx = 1 e 




44. 





41, 




9 {f- "* ^* *3 W L'Jj 






y; 



2 V3 




It' 1 t 11 t 111 





= 
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47. 

ooolto* 

4S ***** 2 - 






*"tj*t *f\ 
tO ^ w 

^u ^t 



49 k, T, R e: SiSft ^3^^^^, S^ftr 





x, y; tjor^ 

,2 2 1 l^ l2 R 2 1 



1H 



50 a-S 1^ dSrSJ.. SjSr to^jS 



So 



fit So- ^gfr^aa^fc fi^ofifi ^j 

51. 




52 a sin 2 6, a sin 6 cos 8, a cos 0) Sa2o> /\*?S2olb 6o^joofi3 

53 as 





(ii)?= 

f ^ ^_ 

^P J ** 



56 r * at 3 * 3bt 2 




57. ((a sin u + b cos u), (a cos u + b sin u, c sin 2uJ, 




58. 



1 2 1/2 

- = (p 1 + p 2 1 2 ) 
as 



59. 





61. 



62. 











- t, n, b o 

60. -g 3fuD 53^. (i) t ^^oi) &rO So<^$)^ Su-W, (ii) b 




63. ^g ffito SS2oo a-S o^8g ^oico&) 5OOo(3o5) 2> 5)odoO^> 



(cusp) 




k 2 s 3 

64. (s 4 ) -4 exxo^) 2-g 



65. ^g 2)oo&>od a^)^oeo (s) 

3 k 2 t 
. (s 4 ) -> 




66, ^g 2>^g2co^ O, P ^IbSg^o^^oj, OP s 

Jt> 

(i) 0, P o 



(ii) 0, P o 
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67. 













i 



68. 2-g twisted 




69. (a cos 0, a sin 0, a tan a) 
"1 01623 SOD 



71. 



x = - a tan a Ltan a cos + sec a sin tan vj/l, 

y = - a tan a Ltan a cos - sec a cos tan \j/J, 
z = a L0 tan a - sec a tan \|/] ; vy = (0 sin a + c) 



70. (u, u 2 , u 3 ) 







72. 2-S 




s-g 















74, b* 









76. 



77. 
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75. (1 - ak) sin a + ax & wSSoSSx) 3b (i) fctf^tf $S>&6 S^SSoooSb 

fco&Stf&o Sjo^ocS" S^Iko $)3bo3ao (ii) fc 
So 





78. u = u (s) oCJor^tS" fftiZxFb S^^OD wooo^ cr^) S^cxS" 



r =5 a J uds - a cot a 1 (u A du) 





79. SKTodT 2>iSS6i5S>23aor* >o*^ e?Ooo2D"6g)O a<5aco (i) 



(ii) ' 





s (cos + 2 sin 
80. p = a = s 3 ^rOoT5o<i) ^i^Soo x = 



3V2 



s (sin <)> - 2 cos ^ , _ 

y = - * = - I -;<1) = 'V2 Iog5 

3V2 



81, p = as, a = bs 

82/ p = a sin -, a = 2a 





a s a 
P=o- sin -,a=- 




3. 





o CX 




3.1 





36$ 



r (u, v) = (X, Y, Z) 3$ x = X (u, v), y = Y (u, v), z = Z (u, v) 




* z = x 2 - y 2 
(i) x = u, y = v, z = u 2 - v 2 ; 



(ii) x = u + v, y = u - v, z = 4uv 5?S 
(iii) x = u cosh v, y = u sinh y, z = u 2 






626^0503^0 OSoS^ofi, ( 2 e IR) s-S) (u cosh v, u sinh v, u 2 ) 

i 

u jtoSJfco (wofc ze IR*) e & 6S6So2co dSjo^L. e-S 




X(u, v), Y(u, v), Z(u, v) i 
(Connected) ?b^bQ T 1) (uv 
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(x, y, z) 




3r. 







eo 



(u, v) T 




xyz 



r(T) 



r(T) 



3r 
=- 



, 





r, T 



r (u, v), r 
^ 



A -r = 







(i) 



T = (a cos u cos v, a sin u cos v, a sin v) 



(ii) 



t r SB vu sin a cos v, u sin a sin v, u cos a) 



(hi) 




So 







x = 




z = fl[y) 



P(o, y,z) 




P, Q o z - 



z = ftu) 



u ( 




Q(x, y,z) 



. (CQ = OQ 1 ) 



x - 



x = u cos <), y = u sn 



Q 



x =s u cos 4, y = u sin <|), z = flu) e& z(u) 
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3.1 



Q = fc 



: u = 





v = 0, z = flu? 



LCI, 2^. if* ifesej- 



zx 



z - 



r = [g( u ) cosv, g(u) sinv, 



x = g(u), 



ar a = ecc helicoid SSifeS, 



r = :u cosv, u sinv, av) 



helicoid 
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r = [g(u) cosv, g(u) sinv, f(u) + av] 



Is r = r (u, v) 



du 





3.2 



u = u e>oo) r = r(u Q? v) 



u = u , u., u , 

i < 



r = r(u, v) 



v = 



u - 



, v - 



coordinates) 





(i) ff* (U Q , V Q ) 



(currilineer 



P(u Q , 



= r 



u = 





v = 





102 



a* 



f 



ffty, z) 8(z, x) 3(x, y) 



V, 



r (u, v) 



2 : r = (a cos u cos v, a sin u cos v, a sin v) 




u = 



03 



= tan u_ ( e?S tan a) 
x o 



V = 



0) 



2 

. = tan v (SS tan (J) ^)3bo<2> 

V x 2 + y 2 u 



X 2 + 2 - az 2 



3.3 



fix, y, z) = 



Vf 6 




r, 





1 




3.3 



(r r r ).Vf=0 
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- ** A 



(X-x)f +(Y-y)f +(Z-z)f 

x y z 

X-x Y-y Z-z 



=0; 



r = r(u, v) 



r, A 



(R - r) - (i^ A r 2 ) - [(R - r), r lf r 2 ] = 



R - r = 



_ A ^ r 

r i Ai y 



3s z = xy 



(2, 3, 6) 




r =: (u, v, uv) 



.R - r, 



r 2 . = ; 



u=2, v = 



3(x -2) -i- z (y-3) -(z- 6) = SS 3x + 2y -z = 6 




3 - 2X, 6 + X) 








104 wStfoS srclb 




(x - xp y L z x + (y -y x ) z^ + (z - 



= 



.i + i = 3 (P. sa) 



r 3z ; *fc&l> QABC 



0001 
3x t 01 

i i 27x iyi z i 9 

V* - 



6 3 yj 1 ~ 6 ~2 




9 5 i x 2 '' 3 + yZ'S + z 2 / 3 = a 2/3 



a 2 



(z _ z } z -ws = 



* *t** ^TsKN*-* e^k ffj*. W~.^ 1/Q O/Q I/O O/O 1 /! O /* 

^.^ i>ut, ^ 5cooclareo x ^^ a^^ v -^ a 2 '^ 7 ^ a^/^ 

*" 5 9 1 * I ' 1 



a 4/3 = 



tis- 6 : a x- - y-, * xyz = sSc 



(xy - 
-^Jb = J isci. (a.^as : X 

P. x r v.. z, i ^g ai. x 2 ^ y 2) + xyz = 



*..* 

Jw f . X jC ^ *l 

aw "5 



x-.v 2 



.- X y - 
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x y 

^ 5*5)16 xy - 

x l *i 



7 : 2" + rjf + 



G G 2 , 

P(x., y, , zj 

i i i 

x-x 



9 i_ > 

^ b- 



0, 

1 



ZX 



Q. - . - Q^ - . - ^oScxix) xy 

^ ft^ C" 

a c 



G g 



1 (b' 2 -c 2 )y 1 



v, v 

9 9 9x x 9 9 

f 5C V Z > 'X V Z 

PG 1 2 = a 4 -^- + ^- + -^- , PG 2 2 = b 4 - a T + - b T+-^- ^Boio 
i 2 ^i 2 z l 



PG PG : PG.. = a 2 : b 2 : c 2 

1 * 



3.4 

a) 9 



f(x, y, z, 6) = efe fl0) = z*$ 6S8tfc ^)<50S aj*ajoa, 8 

f(0 + 59) = 



R9) = 0, f(6 + 86) - fW) = 
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= o = o s-a 



e 





3.4 






(6) 



CJk. 



>i 

V 



f = = f 



f=0 = f e o^9 




Vf =4 if +Jf +kf 

* jr Z 



(fl 



x, y, z o 
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= Vf[x, y> z,e( X ,y,z)] = 



f = 










VE = Vf 




(Sofl 








9 = 



^ a* 8 2 3xt 2 - 3yt + z - 1 3 = 



r = r (9, 



r = r (a, 6) 



f(r, a) = 



a) = 



, r = r(0, 



r = r(a, (j))^ fir, 6) = 



-=: => = 



fit) = (t - x) (- 1 2 + 2tx - y) + 2 (x 2 - y) t + (z - xy) = 



f(t)= ^ (t-x)f t + 2(x 2 -y) t + (z-xy) = 



t= 



- y) 



(xy - z) 2 = - 4 (x 2 - y) (zx - y 2 ) 



: fCt) = 3xt 2 -3yt + z-t 3 = 0,f t = 6xt-3y-3t 2 = 



3ftt) - 1 = 3xt 2 -6yt + 3z = 



(1) 



10S 



t 2 



2(y 2 - zx) ~ xy - z ~ 2(x 2 - y) 
=> (xy - z) 2 = 4 (x 2 -y) (y 2 - zx) e 



Y V 51 

9 ; - + r^ + - = 1, (u 
a+ub+uc+u 



(a + u) (b + u) (c + u) - (b + u) (c + u) x - (c + u) (a + u) y - (a + u) (b + u) z= 

Tfi I* 



f(u) = u 3 + Xu 2 + ^.u + v = - ( 1) 

7? 



v = abc - (bcx + cay + abz) o^>fco6. - (2) 



(3) 



(1) ^ 33, (3) 2o - u 3 fcrioO 



(4) 



(3), (4) o 



u 2 u 



2(3Xv - ti 2 ) XM- - 9v 2(3^1 - y 2 ) 



u So 



(9v - Xti) 2 = 4 (ji 2 - 3Xv) (X 2 - 3(i) 



X, p,, v 03 Slb^Ea^ (2) 3 
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= ; fc, y, z , 9 + 59) = 0, 






56 -> 



f = 0, f A = 0, f = 

' ' 



f - o,- = 0, = 



3.5.1 





eoOSb fix, y, z, 6) = 0, - = od ^^OoSadsdbofi. 9 = 6 (x, y, z) 





3f 
fl9) = 0, = o OOBJ^O^ 90 



Vf = (f x , f y) f z ) ; v i^-; = 




Vg ejocoS esfi f ^ ^o x, y, z o 




9 s f (x, y, z, 6 (x, y, z)), g = f (x, y, z, (x, y, z)) 



g fl 



vf e + f ve 




aJ Oc 

(Cusp) itfdfto<a) fisl t)flb 




= = f fle => Vg = Vf ; Vg e 










60- 10 : 6cr. 8 





x = t, y = t 2 , z = t 3 SSjoS, t 3 J*oftoOS> JRT - z = 0, xz - y 2 = 





11 : 3 So-ZDtfce &S5rfo2 f(x, y, z, a, b, c) = ; <(> (a, b, c) = O 1 



f, $ eo 




df=f da + db-ff dc = 0, d((> = 4 da + d db + 6 dc = 

a. D C a o *- 

=> df + Xd = (f + X<()) da + (f + X) db + (f. + Xd>) dc = 



a a . 

a, b, c eo 



-f -f, -f 

a b c^ 

6 <j) <h 

Y a T b Y c 

a,b, c e 



af + b H- cf = mf (2) 

a D c 




= nd> 

c Y 



(1), (2) o&od a, b, c 



12 : a 2 ! 2 + b 2 m 2 + c 2 n 2 - p 2 = wcxo^odD be + my + nz - p Xbta^ 
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f = a 2 ! 2 + b 2 m 2 + c 2 n 2 - p 2 = 0, F =k + my + nz - p = 



Fn Fp 
f " f " f ~ fp 

I m n ^ 



~ 



2 a 2 ! 2b 2 m 2c 2 n - 2p 2 



(1F 1 + mF m + nF n + pF = F ; 1^ + mf m + nf p + pf = 2f 



1, m, n oo F = S" 6 i^atb 

' ' V. W, 



*> 9 9 

^i. yi, 2^" 

T- 4- f-r + -rt" = 1 



f=0 ^ 



13 s x sin 9 - y cos 8 + 2 = a9 dtoS^. 



fX6; = x sin 9 -y cos 8 + z = a6 

f = x cos 9 + y sin 9 - a = - ( .2. 



f - - x sin + y cos f* = - ( 3) 

(2) => tan 9 = - (-.- x = a cos 8, y = a sin 9), 



(1) => z = atan" 1 - 

/> 



(3) => tan 9 = J- 

x y 

cos 9 = . . 9 2 , sin 9 = . 2 ^ 2 , 



(2) =^> x 2 + y 2 = a 2 



(1) 



= a 2, y = x tan 



Jl 
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3-6 >* SoCb&bfc 3&#o3ao 









. r. n= a 



(t 




, r 




1 a 



r . n = a 



; n, t 



g) 



I 




3.5 



r n = a 



re 






c 



L L 

^ ^ 



G 



3 



CO 



L , L 9 



. L L (> c 






r n = a, r = a, r -n = a 



(Ij 



n, ,n 






n /\ i, n AH , n A n co 



"6l)ouD 



= a(n AH) + p(h AH) + y tn 



(3) 



= a, r-h = r|nhn|=a 



r-n=annn=a 



(h r^n) a + in A n) a + In A h) a 



(nun) 



(2) 



(2J 



114 



3*7 





(ruling) 





(Scroll) 



'-O 3.11 





3.6 



3.6 



r - n(t) = p(t) 



UL 



r-n=p 




(* 




g , 














r n = p, r h = p, r -n = p o 



= p =>r-n-i-r-=p =>r-n = 



r n =p => r n + r -n =p 



j 
TT fir - n) = 5S r - n = 



r AT CD n So 002:^0^ ^cej'oco => r AT 



n s^ r A r 



oj 'fl 

n 1 (r n - p = 0) => 



2. 6e*j;5je*o 25^S)sp c51o^ ^ ^o^^e; $6 

R = r(t; + ?ir(t), (r 



R t A It, s'S R t A R^ = (r + Xir* ) A r = A. (r A r), 
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14 ; (6t, 3t 2 , 2t 3 ) 



(1) o&cd t 3 



t 2 



OC 



r = (6t, 3t 2 , 2t 3 ) => r = (6,6t,6t2) 



oJ ex 



(A), (B) co 



15 : - = e 



y-3t 2 z-2t 3 
1 t t 2 

1 2t 

(1) 



(2) 



(1) => 1 

v - V " 

(2), (3) e 



4y 2 - 3zx xy - 9z x 2 - 12y 

i xy - 9z) 2 = (4y 2 - 3zx) (x 2 - 12y) - , (A) 



(B) 

t ec 
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(2tx - 4y) 6t = 0, (6t - x) 5t = Oex> 0(6t 2 ) - 



x = -, x = 6t efe x = 6t, y = 3t 2 , z = 2t 3 ( 6^ 



o- cxo. 



3zx - 4y 2 = 0, xy - 9z = o 



3.8 



z = fix, y) 



2 = rt 



(x , y-, z ) 



(x x ) f + (y - yj f + (z - z ) (- 1) = 



f f 








f = <|) (f 



f -A f f = 

T 



f -f 
xyyxxx 



f So f 



s 2 = rt 





p = f, q =? f 



q -p 

M F 



3(f x ,f) 
/ y v 

(x, y) 



= 



f , f 

x' y 
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16 : xyz = a 3 6dfjSj ^o2o} vQ&oa*, s ^ 

_ Q I 

*3 -a 3 -a 



3 2a 3 2a 3 a 3 



' 



S 2 = - ft* -- ; s 2 * rt 

X 4 V 4 ' X 4 y 4 

w 



17 : xygtz) = a 3 ^tf 



x 

j a/ cj. 

g 



v fi 



* gg 

M>MWHW T . ^ P 

r - " - z i2 : 



g / j _ gg j ' ^ 
xyg ( I g 12 ,. 



/ 

2ft2c:^ t = --r z - 



S'CySse:, c . 

u V *j 



rt = s 2 



3.9 

od 




jJKa: 0333^. cJe ^fiv ^Sa t, n, b oST* 

(s) Ib 



(geodesic) 
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(r) Sg 



(1) 



=> -r'.b-(R-r)-Tn = = (R-r)-n = 



(2) 



(R-r)-t = 



(3) 




(1), (2) o 



(1), (2), (3) o &>od R-r = 




2. 




(r) 



(R-r) 



-r 1 . t + (R-r)-kn = e?^ (R-r ) - n = p 




(1) 



[R-(r+pn)]-n = 



(2) 



=* (R-r). (xb-kt)-rin = p 1 eJ^ (R-r) - (tb-kt) = p r 



(3) 



(1), (2) o 






(D, (2), (3) o &>od 

R-r = pn + ap'b efe R - s e>^)A R 






3. 



_ ^ 
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(1), (2) o 
(tb kt) 3 



n A (tb - kt) (= tt + kb) 5 
> Z>&3 (tt + kb) 1 db -kt) ; it + kb 1 n 



rj 



(DSood (R-r)ln => R-rll tt + kb 



(R - r) e& 3* tiS* * = tan" 

T 



(1), (2), (3) o 2ood e5^ (3), (4) o &>od 



, . , 

K T KT 



k(tt + kb) 

R " r = k't- ki' 



18 : z-S S^o dS^. o-SSolboflb 




(r) s vragohofc <*o ibS<tea <R-r) n = >3)&o6. (1) 



-r' .n + (R-r).(tb-kt):sO 3$ <R-r)- (tb-kt) = - (2) 



-r' - (Rb-kt) + (R-r) - (t'b - k't - t 2 n - k^n) = 

k + (R -r) * (!!> -k f t) = e^gdbofl - (3) 



(R - r) = X (it + kb) - (4) 



r = r + (C - S) t e>)0bo<3 - (1) 



(R - r) n = - (2) 




o < , 

J^ 

* 

(R - r ) t a = - (3) o 




(1) => ^Sj'at + CC-SJkn-t ftf t x n 

(3) 

[R-r-(C-S)t].n = 



(2) 




19 : 




r(s) 






(R - r) - n =0 e5^)e2bo<S 



=> (R - r) - - in - k tan $n - sec 2 $ -p t^ + tan <|> = efe 
v as j 

ds 
(R - r) t = sin <|> cos -jr (3) 






^3 3tfcS$e eS* s^ C dtofy. xrtSoftoifi 6* rfo^ ,3.3 



=* (R-r).(tb-kt) = Oefe(R-rMB-tanet) = (2); 

tan $ = ^- . 



(2) => 





d<)> 
= - (cot 



. (2), (3) o 

(2) => 



(R-r)-b = tan<|>(R-p).t =X => R-r = X(b + cot* t) 



R 
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dS, , 1 

t.-Ts i = t + X 1 (cot pt + b) + A, I k cot <jm - r- t - Tn I 
i do \ 



= AM cot ot + b) ==> Si= -r-r (a) 

l sin 



t, = cos dt -f sin pb - (5) 



k,n S, 1 = (- sin 0t + cos <J>b)-T77 + (k cos <t>n - 1 sin (|)n) 

JL i 1 QO 

- sin Ot -}- cos 6b)-Tr 

do 



ds i do 



; n, = - sin Ot + cos (jib (6) 



dS ., dS 



d (' . dSN dS , 

ds ^ sm- ? do cosec (3 - A 



d f 

(tx) 



b, = t, A. n, = -n (5, 6 e Sacd) 

* A *. 



dS. 

" t 1 n 1 Tpf = (kt - tb) = k (t - cot (bb) - k (S1 " ^ " COS <1)b) 

sin 4> 

- k 

= . n 
sin o 



=P sin 









n 1 20 : z B 0, v 2 = 

, > 



v - n ,,' ^u 
. x _ 0, y- = 4bz 



CW <*. 
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z = 0, y? = 



y = mx + 



x = 0, y 2 =. 




y = 



b a 



bm 



tnbz 3, 
y = mx +-^j + 



joa, 



m 







ax 4- bz 



y 2 = 4 J[ax + bz) 



21 : x = 0, z 2 = 4ay ; x = a, y 2 = 4az o 



x = 0, z 2 = 4ay 3 



z =s my + 
m 



y = m" " " 

44>A i A 



x = a, y 2 = 



i 



y ss + am 



-a 



. .^ . 

+ ^ I = am efg X = 



mm. 



m 




a (1 + m 3 ) 



1X1 111 



- 2my + z = 
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. f (m) = 3m 2 x - 2my + z = 



f (m) = 6m x - 2y = e&od m 



=> m = - ; f (m) = So (3x) 3 yfoSZ m 2 -r^ +~ =0 

3x 3x 



m 2 - 2m (m) + = e& m 2 = -j- 



XX 



- m 2 (3m) .+ m (3m 2 ) =-2-^ gs m 3 = 



(m 2 ) 2 = m 3 m ; m 3 = (m 2 ) mo &0( 



_^ y(a-x) a-x 78 
9x 2 3x 2 



z 3x z 
z ~3(a - x) ' y~ = 3(a~x) 



22 : z = 0, y 2 = 4ax ; x = 0, (y- a) 2 = 4az 

rfoSa oSag eoC& 



v a 

m" "*" ^ Ortteuff* 6ota>o<3. 

* = 0, (y-a) 2 = 4az & j6joOS S>2o^o S 

^a > 



-a-lsv m 
m a 



y s mx + - + m 

z 
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= => m 2 = 



f=0 => m 3 =- 



(m 2 ) 2 = m 3 - m ; (m 3 ) 12 = (m 2 ) 3 

=> (a + y) 2 = 3a (x + y + z) ; (a + y) 3 = 



^ cr 23 : x = 6t, y = 3t 2 , z = 2t 3 




dr 



= (6t,3t 2 , 2t 3 ) => r = (6, 6t, 6t 2 ) (t) 







R(x, y, z) 



o Xood 



(t) 



xt-y = 3t 2 ;yt-z = t 3 => t (xj; - y) (= 3t 3 ) = 3 (yt - z) ef S 



xt 2 - 4yt + 3z = 



t 



3t 2 -xt + y = 0. 
1 



3zx - 4y 2 9z - xy 92y - x 2 



(9z -xy) 2 = (12y -x 2 ) (3zx - 4y 2 ) 



24 



oj CC 



'(3) 



oJ Cti 
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o 



3.10 




a, boo 



ao-SbdbooajlS ftx, y, z, a, b) = 



a, beo 



f(a, b) = OK 




f(ct, p) = 0, fla + 5a, p + 6p) = 



a, p) = 0, fla, 



+ |j8p) = 
> 



f((X, P) = = ^ 5ot +TnT 5P 



5a : 8 Us 



f(a, p) = 0, 






= 






= A. 



8a, 



Si g 



f = Q, f = 0, 







f = = f = f fi o 



a, 






f = 0, f = 0, f = 



Sood a, 



S^jocS. s*^S a, PO^O x, y, 20 
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f =r 0, f fl = Oo Sood SSoTTS f(a, p) = Otf* i20"itffe fla, p) = 

OC ^ 4*3^ ""^ 



Vf = Tf x , f y , f z ) VE, E = f(x, y, z, a(x, y, z), P(x, y, z)) 



. VE = Vf => ^StJoSuo, wStfci^o ej>0oo25"6g>eo 






F(x, y, z, a, b, c) = W&D ^6^o2mS>&) ^xr2DfcoD a, b, c, fla, b, c) = 



F F h F 
F = 0, f = 0,-p = T- = v^ ^ 0& a b ' c oSo <sr ^^ SS^ofl. a, b eo 

a b c 



, c 2>o-^d a, b oS* f(a, b, c) = 



F f "da/F 

ccV. > 

F F, E 

a b c 
-rr- = TT- = y- 

a b c 



(4) 



F p. F C 
F = 0,f a 0,7^ =7- n 7^ c &od a, b, c 



a 



^cr 26 i X, ^ eo 



3 



z 

c 



= 



(1) 



**> 



2bcx 2 cy + bz b 2 c 2 (a 2 - x 2 ) (cy - bz) 

a 2 (cy - bz) + be - + a 2 (cy - bz) 2 be 



2bc 



cy - bz 



2x 2 



a 2 -x 2 



be 2 



X" 



t 

a 4 



26 






c -2 = - 



a, b,-c 



CO 









a 



\ i "^^ 1 t, 7^P j ^ 

a a 3 b b d c c 3 



a 



2 ' ~ 2 ' f 



F F, F 

a b c 



D 

, 
y 



i _ 

ax=by - 




z 



27 t Ix -f my + nz = p 



a 2 ! 2 



2np = 



2 2 

^ + = 2z 



F(l, m, n, x, y, z) = Ix + my + nz -p; fll, m, n) s a 2 ! 2 + b 2 m 2 + 2np 









m 



ZlL 
f p 



2a 2 l ~ 2b 2 m 2p 2n 



- nx - riy 



F = 



2 2 

~ +-^--2z= - 
a' 5 tr 



f = 



28 : 



(a, (i, y) 






a _ 



b 2 - X c 2 - 






y-y 






- K b 2 - X c 2 - y 



(a, p, y) 



(= r) 



2 _ x b 2 - X c 2 - X 



(a 2 - X) p (b 2 - X) 
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t (efe y) 



t 3 + At 2 + Bt + c = 



s 3t 2 + 2At + B = 



(90 - AB) 2 = 4 (SB - A 2 ) (SAC - B 2 ) ; 



(A, B, C 



3*11 



(Scrolls) : 




3*7 



"&P- 




c. A\* 

1 //\ 



t fO 




- directrix 
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r = r(t) e>&> sSbStfea^ So 3fco C, A 

tootety P SgSZ>&3 R 
R - r + ul 



dr Q ) 





23^^89)05 g, g + dg o 



R = r + Xg, R = (r + dr) + (i (g + dg) 




S.D. - i j = i [tgg] . 8s 

gAdgl IgAg 



(i) 6dfS ^O^DO e/totoSo (ii) 




[tgg 1 ] = S^ [tggl * 



29 : a, b, a, peo 3CP2D& t ciiio^. (SicsC&aflooooo^) ^>6<T?p x = az + 
y = bz + p 




L :^ = J = 2 ^ r = (a> p> 0) ; g= (a ,b, 1), g 1 = (a , b 2 , 0) 




a 1 p' 

[tgg']= a b 1 s 
a 1 b' 






30 : 2-? S(S2co cSJn^ (i) Sjfijtqp, (ii) 63*0oot3>, (iii) 



(i) R = r+Xt => g = t s-% [ifflf] = 




,00 



(ii) g = n s^6 [tgg 1 ] = [t, n, (tb - kt)] = t [tab] = t 



(iii) g = b sn&S [tgg 1 )] s t [tbn] = t. 



*ede2a ay 635*e:iM w^e&ofl. T = 





3.12 

r = r (u, v) 6S6tSa2o:S.Sj eOooo'? ^ n 

P(r) OoOj^) Sg 6SSrfo^S&) AoSadS ftjff^o 
"(R - r), R , R 2 " = 3^)3boa. -fis-aSg iae JeaaeSs R = r + vg 



1 to* 

= r 



R - r, r + vg g' = 




= az -f a, TI = bz + p, ^ = z, (a, b, ex, (3 03 t ^oi>^ooj sr ^ 4. r l 
t, 




R = (^, T], Q, r = (az + a, bz -f (3, z) 



R 1 = (az + a 1 ), bz + (3', 0), R 2 = (a, b, 1) 



a i ),b(a l z + a 1 ) - a (b'z + (3 1 )) 



P(r) 




- (az + a)) (b'z + p 1 ) - {TI - (bz + (3} (az + a 1 ) * (C - z) 



{b (a'z + a') - a (b'z + p')} = 



- (aC + a)} (b'z + p') - {11 - CbC -- P)} (a'z + a 1 ) = A 
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a, T\ = 



1 _ I 



a 1 P 1 -b'a 1 = ef^r = (= X) 




- a - a) - ^ ("H - bC - P) = 




. a''-b'a ? *0 



(t, z) 



z 



(1) 



(2) 



r(t) 







, g(t) 
P(t, v) 






+vg A 




t J 



(r t + vg t ) A g 



r t Ag=0;g t .Ag=0 



R = 
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g <3*tf 3(3) S* *3)fco<3 ; g 



* 

, R = r + v r t ; 







: r = r(s) 






R(s, u) = r(s) + ut (s) e 



u > ; P Q P = - a 2 t eoco^> u < 0], 




> 2, SSrf > 





R = r + ut, 



R = r + un 

ub eo 



3.13 





(2) 



eo 







[u - jS Scr^bd, lul 3jtfjo&3) P Q (s) Xood P(s, u) &> tfrtfto ; P P = a 2 t 




-> g eoaoSKSyfia P - C 



2. Striction 5^x> (^S?) aSrtqpo^ooCb fio<5b^)o ^o<So^<$^Xo Striction 
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3. 



U 






3.8 



R = r 



'' 



, r = 






m 



m 



00:06. 



m = Xg A 



g + 6g eccoS (g + 5g) - m = => g' - m = 



g'-(gAn) = 
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(g 1 A g) (r' A g + u g 1 A g) = = (g 1 A g) (r 1 A g) + u(g f A g) 2 

Cg' r 1 ) (g - g) - (g' - g) (r 1 - g) + u "(g 1 - g') (g - g) - (g 1 - g) 2 " =0 



g f - r' + ug' 2 = (v g' = 1, g g 1 = 0) 



u 5 " 2eoS (g' 2 * 



R = r + ug 



u 



31 : 

1 m n 



c 2 

x - a y-(3 z - y x (a + da) y - (p + dp) 2 - (y + dy) ^ 
1 ""m""n ' 1 + dl "nn + dm ~ n + dn 



r =-a + Xn ; r = (a + da) * |i (n + dn) 



S.D = 






n n dnl = V(n n) (dn dn) - (n dn) 2 = Vdn dn = si 



sn 



= p = . 



' 



. 
sin d\|f dn - dn 



fiO 



da dp dy 



(dt)2 + (dm)2 + (dn)? 
1 m n 



32 : > SSDe* Striction 
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Q P wacoft oSo (S^tf ~6sp 
m - 



m n = 0, m (n + 5n) = =* m - 8n = eJs m = p(n A dn) 



m = q(n A n 1 )) 6rZ>$xff* s* &otx>o<3. X 
a + Xn 



tr - (a + Xn), n, (a 1 + Xn)] = 

n A (a 1 + Xn 1 ) 



m - (n A a 1 + Xn A n') = 



q(n A n 1 ) (n A a 1 4- Xn A n 1 ) = => (n - n) (n' a') - (n - n 1 ). (n a 1 ) 
+ X (n - n) (n 1 n') - (n - n 1 ) 2 = e 



(n 1 A n) (n A a 1 ) . (n 1 a 1 ) 




n'-a 1 




, 
X 



a - 



(a + XI, -p + Xm, y + Xn) 
I (mn 1 ^ m'n) (np 1 my) 



x 

(mn - m 



^* a- 33 : x = az + a, y = bz + pa,b, a, 

3y*s!bc& ^0*^03 




L ;~- =- =z 
a D 






* 

1 dt 
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S.D. = - ^ . dt 

g A 



' gg'] ._,, (a'P'-b'cOd + a 2 



.1 v i o 1 1O i 1 / i i n \O 

g A g I a lji 4- b 1 ^ + (ab - a br 



31 3 

o 



r = (a, p, 7), g = (1, m, n) 



a 
1 m n (II + m 2 + n 2 ) 



1 m n 
P= (mn! -m'n) 2 + (nl f -n f l) 2 + (lm ? - 

da dp dy 
1 m n 

. dl dm dn 
" (mdn - ndm) 2 + (ndl - Idn) 2 + (1dm - mdl) 2 



(12 + m 2 + n 2 = 1) 



da dp 
1 m n 
dl dm dn 



(1 - n 2 ) (dn) 2 + (1 - m 2 ) (dm) 2 + (1 - 1 2 ) (dl) 2 - 2(lmdldm + mndmdn + nldndl) 

\ 

da dp dy 
1 m n 
dl dm dn 



(dl) 2 + (dm) 2 -f (dn) 2 - (Idl + mdm + ndn) 2 

m, n) - (dl, dm, dn) = e>)3bo<3 

da dp dy 
1 m n 

dl dm dn 
P= (dl)2 + (dm)2 + (dn) 
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34 ; 60*. 33 &* Striction 



i 

r= (oc, (3, 0) ; (1, ni, n) = ( a> b, 1) <r$)3 6<y. 32 &>od Striction 

^ 

>o<i>3) 

- b'fi' -a'g' + (ab 1 -a'-b) (ba 1 -ap 1 ) 
2 + a i2 + (ab i _ a i b) 2 



- a'gt (1 + b 2 ) - b l 3' (1 + a 2 ) + ab (b^ 1 + a'') 



^j^ y2 2 

: -Y + J ^---j = lcf>^) 6^)8^o2co^^ Striction 

x a cos 9 y-asin9 z 
- : - =- - r = - 
a sin - a cos 8 c 

r = (a, P, y) = (a cos 9, a sin 6, 0), g = (1, m, n) = (a sin 6, - a cos 6, c) 
=> a 1 = -a sinQ, p 1 = a cos 9, y l = 6 ;l" 1 =acos9,m l =asin 9, n'- = 



1 -m'nHnp'-my') 

= 




I (mn 1 -m -n 

x = a cos 9, y = a sin 9, z = 



36 : 2.5 Sj&Soo cr3 6^00023 
Striction 








I)t5 




R = r + Xb, ^2D^o2o3 (ii) o 
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(Xb - 8r, b - 5b, b A 5b] =: 
b A 5b = (b A b f ) ds 3$ Ttds 



Xlbb't] ds = 0. 
ftf Striction 3:fc: R = r 



lt-t) 1 

5 - = = a 

* T 






2 ' 

It, n. (tb - kt)] 




- 3 




2. a -:>-z * zx + xy) = xyz 

asj so 



3 J c 2 . 



. - a. 



z = X ^ y 625tJoSSSj (1, - 1, 2) 36 StfrfoSx) 2x - 2y - z = 2 
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4. 2xz 2 - 3xy - 4x = 7 $Si (1, - 1, 2) 



f- 1 2 



5 v 3 ' 3' 3j 



5. xyz = 4 




= 



6. 2xz 2 - 3xy - 4x = 7 



7x - 3y + 8z 



(1, - 1, 2) 



7. 




/v^ V"\ ^ 2 

8 C 2 ^JL + >L^ + z _ 

U. U o,o ~ i) 

t C Z 




C- 



9. al 2 + bm 2 + en 2 = 



rj + ~ = 
c 



10, x 2 * y 2 = 4a (z - a) 



Ix + my + nz = 



x 2 + y 2 z 2 



11, 




12. 








13. -&* iSofl SiSiSooeo 




142 



(i) ( e l , e- < V2t) , (ii) (a cos9, a sine, c9) 

14. y = tx - t 3 , z = t 3 y - t 6 
y - 4z = 0, x 3 - 2yz = o 

15. F(x, y, 2) = 

F F F F 
xx xy xz x 

F F F F 
yx yy yz y 

= 
F F F F 

zx zy zz 2 

F F F 

x y z 

16. (i) (u, u 2 , u 3 ), (ii) (a cos 6, a sin 6, c6)e> So 



18. 



kCrt + kb) 
+ri - i r 

K T KT 

k 2 (r 1 A r" 1 ) 
T r " r" f r" tr l 



17. (i) z = 0, y 2 = 4ax; z = c, x 2 = 4ayo cr^o-d5) 6^2>^ ^O^OD, (ii) 



19. ^ 6tf2r ^o^) ^ 2 x 2 + y 2 = X 2 , z = c ; x 2 + y 2 = 1, z = - c 



2y = cosa 



z = 



20. 2-S itfS ^o^> (i) -5odD <3 ^o^o^ ts^5o^^>, (ii) 

, (iii) 
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21. z = 0, 4a 3 y 3 = b 2 c 2 x 2 ;y = 0, 



- bc 2 x) 2 = 4a 2 (bzx + ay 2 ) (cy 2 + az 2 ) 



az + c = 0, 



= Oo 



22. 



xy = 1, z = 0; y 2 = 4x, z = 



8xy = 9(z - I) 2 



23. x 2 + y 2 = a 2 , z = 0; y 2 + z 2 = b 2 x = 



24. 



X 



= 0, y 2 + z 2 = a 2 



xy - 



1 9 9 9 

x^ z z^ 



2 b 2 - c 2 " a 2 - c 2 



25. x 2 + y 2 + z 2 = r 2 , ^ + r" + TJ = T 





a 2 (a 2 + c 2 ) b 2 (b 2 



z = 

(a 2 b 2 ) 2 



26. (i) y = tx - 1 3 , z = t3y - 1 6 

(ii) x = 2t 2 z + 2t 2 z + 2t (1 - 3t 4 ), y = - 2tz + t 2 (3 + 4t 2 )oT 




27 - T + " + ~ ~ 



* v V Z 
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A 2/3 (b 2 _ c 2)2/3 y 2/3 B 2/3 (c 2 - 



2 2/3 C 2/3 ( a 2 _ b 2)2/3 



28. 



Ot 



=0 ) y 2 = (a-b)(2z-a);y = 0, 




x 273 -y 2/3 



(a - b) 2/;i = 



29. 



y 2 + Sax = 0, 64xy = 9z 2 



x 2 v 2 Z 2 
, V 2, 7 2_ C 22L,I-___1 

TV T > C , p. r . n ^.f "- A 

a" 



o es^BoOb 



tfo&o zx 



b 2 -a 2 



a (c6 - z) 
31. cos9 + y sin9 = a, x sin9 - y cos9 = - - o 



9 



32. a, b, c, p co 




ax + by + cz = p 



D (a' 2 



+ c/ 2 )"- 
; 



a a 
b b' 



D = 



c c/ c" 



a a 1 a" a 1 " 



b b 1 b" b 1 " 



c c 1 c" c"- 1 
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33. 2 = 0, x 2 + y 2 = 4a 2 ; x = 0, y 2 = 4a (x + a) 



(2a, 0, - 2a), (- 2a, 0, - 2a) 



34. zJt 




<5jt)o3b 



ej 





XV 

35. cos8 sin<|> + :r sin0 si 



- co <|> = 1 (0, 



- 




- 



36. 



k 3 
-T- 



(tetrahedron)^o 




27xyz = k 3 



37. ax 2 -f by 2 + cz 2 = 






a 173 (b - 



(c - a) 2 / 3 y 2 / 3 + c 1 / 3 (a - 



= 



38. 
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39. 






A, B, 



0, A, B, Co 



(ax)^ 3 + (by) 2 / 3 + (cz) 2 / 3 = (x 2 + y 2 + z 2 ) 2 / 3 



40. x - 



A, yz - 



P cr <:cr> APS 

oJ 
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41. Z - e:$oya JbtfOodfc^ A exxoS A a^cpsF^) g-S So<#ox> xy - 



BC* spcdo-SS BC o^co ^^^ ABC 



42. n 



<s> 

y^K, - JL 



43. 2- 



44. |G^ fiood 2tfjtf ooa"8?poo (3) 
P, Q y Re; 3g spcdo^ ^^o^oStX) PQR 

45. S,,S c; b^2c2G3, /^^^ S Q cBx>S)- toi^^o S, ^ ^cd^> S , S. 

- 1 - - "* o v V. 1 Q _ Z o 

acro ^e^ (Radical plane) s- 

46. Jbtf o^c%; cyecr^S ^^O^O^OG^ &C5 



2 vtffcoo tf>tf^ es 

9J"" aJ 

47. a,g fi 






btf tfarSa P,Q,Ro^ 8 spodo^ ^^O^O^D PQR 



48, voaa a 2 x 2 

PL, PM, PN ftoSadS ^^o^o^: LMN 

(b y) 2/3 + (cz) 2/3 = 2 2/3 
49. 






(Striction) 
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50. 




51. [v cosu, v sinu, fltu)]S& SterajIboCb 3cr2D&, Striction 

52. 

" Sood 





Qo 



O 



-D 4 2 

C esooo^ CP - CQ = 



53. 




54. 8-S ^* ^^^ cSiog $g"S3> Striction 




cos" , cos" |J. caoeo 3^-r- = , (p \ 

V* ^ / 





55. x + yt = 3t(l + 1 2 ), y + 2zt = t 3 (3 4- 4t 2 ) 

3 




2t 2 ) 2 e^)o3co Striction 



x = 3t, y = 3t 2 , z s 2t 3 



56. i#2oErt>6<*e3*5 e>d ^o-SSoaa^oooo^ (i) Striction 




, (ii) 



(iii) 






57. - = tan -3 x sinG =y cos 6, z = c6 

X C 




c (x sinO - y cos9) 4- (z - c9) (x cosO + y sinG) = 



Striction S|Sa z wgSco 



148 esSSoS erjlbd 



2 2 





58. T- - 

a 2 

^ x - a cos9 y - a sinO z 

59. - g- = - - JT = 

cosO cos - sin9 cos TT sin ;r 



1 . ^ 2a > _e rt 

Strictlon 5i^Sco 2y + z = 2otfoS30^* -r , 0, to^dSSco; 2a, 

v. > 



. UL 




Z 2 x _ a COS Q y - b 

60- +-- 





. 

c 2 (a 2 b) 2 sine cos6 (a 2 sin 2 9 + b 2 cos 2 6 + c 2 ) 1/2 

2 2n - 5~ " - 

c 2 sm 2 6 * c 2 a 



61. z (x 2 + y 2 ) = 2mxy&> x sin9 = y cos8 

2m cos 29 




63. z = 4c 2 x e^o 6^6^o5^^o x = z, y = 2c 



y (x + 3z) = 2c (3x + z) 

z 2 - x 2 = 4c (y - 2c) 



64. 5P - t^ >i 

CO V. ( 





64. "dote ifiJ* ^o2coo^> z-^ diSod 2s^>^ 6od (i) u 33Sr&g> Soad (3) 




4. 




(533^ 




4.1 



u 



f (U, V, C ) 




v o 





u r v 



, f(u, V, C) = 



. C 




u 



c o 



Sbfi 



<w 




r = r 



P o*ccr C 

oj 




C,,C ft o 

1 2 



(net) 



= "? (u, v) SbdS u = Ib^SoD, v = Ibeawn- ecS 

' 



v = s: = a 
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" * 



= T (u, a) cS^S. ar Scr^feoS) 3to. fiS u = 
u 





600006. tttrit, u == ibttto = b WQGO$JJ& r =" r (b, v) 



v- >o3 5 eotyo. v- 




r r eo 




dr = 

X 2 

dv 



oejoo<2>. d . 

du 



rX 



l 2 

r x r = ocod 636e*oo S^on* S%^2oo (degenerate) 

d r tf r du + r 2 dv. 

\ \ \ \ 

T x r eco5^jp<i). r , r o> ^SkJ-odcrco. ^os* du, dv eo 





.3 



II. 



- 0-3 ds^s. vx>bo& aatfn 151 



. . U A) v n 

\J \J \J 



,v = v 



fn , V A ) 

. U v/ 



, u = U, v = 



OODCT 



J^D. ^O ^o^^jo^ 6 ^) f (x, y, z) = 




u = o*. v = 





(a sin u cos v, b sin u sin v, c cos u) 



(au cos v, bu sin v, u 2 ) 



3. 8 So*Soo2b23^co (au cos hv, bu sin hv, v 2 ) 




4. fl^qpofi OSa*^oo>2s^xi (a sin hu cos v, b sin hu cos v, C cos hu) 

* * 

5* 
SoSb;} (a sin hu sin hv, b sin hu cos hv, C\in hu; 



6. 3oe$e>3x> (u + v, u - v, u) 



7 . &32GO (u, u 2 , v) 



i 
a 1 + X.' D 1 4- X.' c 1 -f 



X = 
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4.4. 5>dg Sotcreo (Specific notations) : 



u, v e rtj*6j *& ^c3fj<3^o&>, 3*<2>eo 1, 2 



r > d 2 r 8d 2 r 



_ _ 

r i = u ? r 2~ 3v' r 11" ' r 



-> , - 






A A 1 , 

4.4.1 r = - = r , u ' + r v 

1 2 



u" + v" + u (7)' + v' 



U' 








4.4.3 r r r l = E, r r " 2 = F, 1 2 . " 2 = GC 




g.. = r ., r . 
y i j 

g = E, g = g = F, g ="G 



u 



g 



N 



u" -f v" + u' 2 + 2 T" u' v' + ? v' 2 



4.4.4 H = ( x = l. 2 - (l )2 = EG - F2 



4.4.5 N = 



H 



4.4.6 N . ? = L, N. ? = M N. 



_.,- \ \ 

b = N . . 

1J 1J 



L ' b = b 21 " M ' b 22 = N 




b oo (eotj L, M, N 

I 








N . .. -i- N .. r. = 

j 



-> -> _> - -> 

i j "" ' ij "" i' i ~ " i* .1 
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_ 

^ . r = (i = 1, 2) SSbStfepo ^ood ^CP^ u (go- v) 

* 



co 



L, M, N o 



4.4.8 



. 



~^ -> 
4.5 e*^? ors : N. r ,, 

Q 1 



=N. T^.x"? , = N. HN = H 

1 Z 
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N la 



,., -, xr -, (r 'i xr V . (r r r 2 )r i- (r r 

(i) r-xNssr.x TT = 

i i rl 



(ii) 



-* 



2' H 



H 



H 



H ' 
-> 



H 



4.6 



(4.4.4), (4.4.6 l)e 



(4.4,8) &>od 



4.6.1 HL = 



, HM = 



HN = 






4.7 E, F, G o 






12 



^ -> 

2 ) i =r r 



- 

r 



ir l 2 



G l = 



= 2 



> . 

r 2 ) 2 



ft > > 

2r 2- r 22 



- crS cao^ 25*^60^ SStfca 155 



171 "^ ^ -tf 7? ^ tf 7* 7> -F 

4.7.1 r r-,-E ? r r = Er r-*~ 



2' 2' 12"2 I 1 2' 



4,8 ^oSeJJS ;o"3tf ^oa (Suirunation Convention) : 

V, . 



0^5 ^ 




:4.9 



xi, v o^ Ac & 3)0^03 E; F, G, L, M, N 



4.10 

(u, v), (u + 5u, v + 5v) 




p ("?), Q (? + 67") 



r 1 du+ r 2 dv. 



Q ^^ ^0^$)^ SS5S P, Q 



ds, Id "r I 



E= r 2 f 



156 




(u,vj 



ds 2 = d? 2 = ( r 1 du + r 2 dv) 2 



du 2 + 



dudv 



dv 2 



= E du 2 + 2F du dv + Gdv 2 



r, 



ds 2 = E du 2 + 2f dudv + G dv 2 



E, F, G 



r 



= EG-F 2 >0,E>0,G>0 



EG - F 2 = H 2 > 



2&SS* E,F, G 




(5(520 



4.11 



= (u, v) 



, u ' = <i> (u, v), <v\ = V (u, v) 



o 
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3r 3r 3u 3r 3v 
3u ~~ 3u ' 3 u 3v ' 3u 



3u - 3v 






3r 3r 3u 



3v 



3u " 3v 3v ' 3v 



3u -^ 3v 



du , , 3v 
r-7 du'+^r 
3u '- 3v ' 

3v 


du 1 3v J 



. t 
dv ( 



_ 
dv 



E 



2F'du f dv'+G / dv 



3u -> 3v> . 
r + r du 



3u 



3v 



3v 



3u 



3v 



= ( r du + r dv) 2 = r 2 du 2 + 2 r r dudv + r 2 dv 2 



4.12 



4.12. 1 



: Z = f (x, y), x, y 



= f(x,y) 



= [x, y, f (x, y)] eS 



158 . SSoS a- 



p = q = b r = p^ s = p y - q x , t 



l = (1, 0, p) 
o = <0, 1, q) 



G=r 2 . 



4.12.2 

Z - 





r* (u, 6) = [g (u) cos 0, g (u) sin 6, f (u)] 



r = (g cos 6, g sin 0, f) 
r > 1 = (g^ cos 0, g' sine.f 1 -) 



r o = (~ & sin e > ff cos e 



4.12.3 SoriT 1 SOtfoSM : gT2o5* ^6So2oodo 




r 



r = (u cos 9, u sin 0, f (u)) 
r = (cos G, sin 6, f ) 

r = (- u sin 8, u cos 9, 0) 



_,,2 
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412.4 



x ^ u cos 0, y = u sin 6, z = f (9) 
r = (ucosG, usin 9, f(9)) 
r = (cos 0, sin 8, 0) 



= (- u sin 0, u cos 0, f') 



4.12.5 



x = u cos 6, y = u sin 0, z = cU 

r = (u cos 6, u sin 0, c0) 
r = (cos 0, sin 0, 0) 

r = (- u sin 0, u cos 0, c) 



4.12.6 





Q, u 






(t) a. P 



g(t) 



R = r + ug , 



E = 



* .* 






= ,?,G 



4.12.7 



2Z = ax 2 + 2hxy + by 2 (x, y 
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: r* = x, y, -5- x 2 + hxy + y 2 

2 



> 



r = (1, 0, ax + hy) 



= (0, 1, hx + by) 



E=r 



F = "? r = (ax + hy) (hx + by) 



G= r 



H 2 = EG-F 2 = + (ax + hy) 2 + (hx + by) 2 . 



4.12.8 



a) N, 



=H 



b) 



c) rxN 



G"? -F? 

- TT - 
rl 



- 
a) N , r r r 



= N. (r x r 
/ 



. N 

- 



W M 

b) r _ x N 



= r x 



H 



H . 




r r r 

r 12. 



c) r 2 xN= . 2 ^ H 




1 / 



IT \ < T 2 . r 2 r ! - r r r j r 2> 



4.12.9 *Gr>tfa 3 s doSoo x = a (u + v), y = b (u - v), z = uv 





r SB (a (m- v), b (u - v), uv) 
r l = (a, b, v) 



= (a,-b, u) 



"? = a 2 + b 2 -f v 2 



= r 



G= 




u = ttfco = c 



v),ysb(c-v),z=:cv 



"Bods 



v = 




4.12.10 afttfb arc* 




7'="?^' 4 

1 ' = 7 i y 2 + 27._u'v' + ?_v' 2 + 7.u 1I + 7,,v< 1 
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__ v ^ *A 'k ^fc 

N . ?' 0, N. ? 2 = 0, N. ~? u = L, N. ? 12 M, N . ? M = N 



N 



4.12.11 N 



(L du 2 + 2 M dudv + N dv 2 ) 
~ Edu 2 + 2 F dudv + G dv 

(4.12.11) 



PC 




4.12.12 

(4.12.12) 



\ _ ^ ^ 

dN = N. du + N dv, d r = r du + r dv, 
i & i. & 



" 



dN . d = 1 du + N 2 dv). du + 2 dv) 



= CN ,. "?.) du 2 + (N.. ?, + N,. 1?.) dudv + (N_. r* J dy 2 

JL.L 1 A Z 1 It 



4.12.13 

LN -M 2 2o T 2 J* Su-^)d2ix> T 2 



t , 



- o3 ofcoS^. trgtbAaCb OSfc . 163 



, Q > V (x^ x g ) * (0, 0) eauSSyxSa, Q S 



Q 





ii) a n >0 



\ 

in) 





= Edu 2 + 2 Fdudv + Gdv 2 



CO ^j! 



II = Ldu 2 + 2 M dudv + N dv 2 

- L > 0, SOfSrt b = LN - M 2 = T 2 -> s-J-C. 






4.14 



P 





b LN-M 2 _ 
** a "EG-F 2 "H 2 

T 2 >, = , < cco;52<23 K >, = f < 



4.15 





(u, v) t (u + du, v + dv) 



(u + du, v -*- dv) Sooi 
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(L du 2 + 2 M dudv + N dv 2 ) 





P ( r), 
cx&:$). j-ti 

ooS^ ft roc 

r +dr = r 



Q 3aod P 
P 



^ SW PQ 






Q (r + d"?), F ( r ) to 



(u, v), (u - du, v + dv) 






1 AT /"* 

2 N ' (r 



= (L du 2 + 2 M dudv + N dv 8 ) 





4.16.1 &noJt 



k 



QM = P 



?* 




= (1, 0, p), 2 = (0, 1, q) 

^ (0, 0, r), ? = (0, 0, s), = (0, 0, t) 



r i xr 2 (- P, - 
- = - 






> 



- 
__ L T2 - T N - M2 

"" l 



H 2 



4.16 J2 





r SB (g cos 6, g sin 9, f) 
r j = Cg cos 8, g sin 9, f ) 



r 2 = <- S sin 8, g cos 0, 0) 

r^ x "F* = g (_f cos 6, -f l sin 9, g 1 ) = HN 



r = (- g cos 8, g sin 8, 0) 



22 



H 2 = g (g ' f ' ' - f ' g 1 '), HM = 0, HN == g 2 f ' 



4.16.3 




r = (u cos 9, u sin 8, 



r = (cos 8, sin 8, f^ 



r = (- u sin 8, u cos 8, 0) 



u = (0, 0, f u ), "r^ = X- sin 6, ece 6, 0) 
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"?_.=(- u cos 6, - u sin 0, 0) 

22 



x r* (- u cos 6 f-, - u sin 9 f r u) 

^ i 



- H 



4.16.4 



= (u cos 6, u sin 0, f(6)) 
- = (cos 6, sin 6, 0) 



r = (- u sin 6, u cos 6, f ' 



r = (0, 0, 0) 



r = (- sin 0, cos 9, 0) 



r = (- u cos t - u sin 6, f 



(r i xr 2 ) (f- 1 sin 9, - f ' cosGu) 

N= - g - = - g - 



22' ' H 



4.16.5 OOD 



r s (u cos 9, u sin 8, c9) 



r = (cos 9, sin 9, 0) 



r = (- u sin 9> u cos 6, c) 
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"? u = (o, o, o> 



> 
r 12 = 



in8, cos6,'0) 



= (- u cos 6, - u sin 8, 0) 








Tl Xr 2 

H 



(- sin 0, - c cos 9, u) 
H 



4.16.6 



(4.12.6) 



HL= ^7, 



_g, r,g. u+.r, g, g- u+ .g, g, g- u 



HM = Jg, ~g, ~g_ 



4.17 



1 : 



u, v G 



= ads 2 (a 5fc 0) 



z-S 



r = r (u, v) 




= otE,b 10 = oF,b 09 =:aG 



N.. 






- a .. r 



- ~ 

4.17.1 N, + a r . r r. = 

1 1 J 



N. 



168 



4.17.2 =* (N. + txr.). N=0 



(4.17.1), (14.17.2) 



., "?_, N oSi 

JL A 



N. = - a. &> v 



N.. = -<x. r. ar 
y J i 






> 

R = r (u, v) + N 

ex 



" 1 N. = 



> 
R 



ex) eJo ^5^co 5 a = 0, a = ^5oo a 



/ ^ 
R-r (u,v)= - * - 



R #$03, tJc^co^Dod )cxi3^) 



__ ^ ^ 
r = r (u, v) 



- c-s ca srcas&oi aaa 169 




2 t 



2z = ax 2 + 2hxy + by 2 , (x, y 




~ (1, 0, ax + hy) 



r o = (0, I, hx + by) 



= (0, 0, a), T* = (0, 0, h) = 



= (0, 0, b i 



r 2 






* a > -> h 
= ||.,M= r 12 . 



T*> 
- = 




3 s 

cSS) ssS'i CofiS)e 36 L, M, N & 2>J 'vanish; soro o 



S 



eficssre: 



. sos 
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ii \ 

* 0, 7* ?fc 5$ N = &a 7* 7* GJ "3cdc'J N , 

12 1 J. Jj - 



> 

-C AvT \T 

cCO3 1\ 



4 : 

E F G 

r = TT = ^T 

L M N 



E F G 1 

___ _ r _, _ - _ _ _ . 
y ~" T\ 1 v 1 ~~* 



JL. ^j A '"'"C "*' w> 

i 

V? -T > 

- ' V T ~~ T 

*: i~ * r 



4.17.5 (N^}. ? *. f 1 = 
Al ^ KX, N = GX c 



(N +Xl? ). ?., = aJ 



> 

N = s"3e?x ooto N ^CP^^ u 2t 



U.17.4J Sood N = s?3 w jXbcfi. c5c"L) 



2, N , 



4.1 7.6 l N 2 + >.7* 2 ). T* 1 = 0. 1 N x + A t. 2 = 0. 



7.x r &j N SSir'CG&fcto.T' 5)oeojoo. e?cr N , HN 

> -T> 

N 1f N s 
' 



-> > - > > 

"c5^c> r r r ^ DC jsc2 Xb^-Joo^ N N. ? cj a 

^"^ > = - . v --^ --T? ^ -> 

f r W N > <i.*-,-r " t > X f - \ a. A y \T -L / i 
i ^ "^ -^-c U'JO^ ^ ^\ -f A. F .. *N 4) -t /L I ^ 





r . 





N. 



> 



r # 0, r' t> * ^3 -4. 

J, * 



(4.17.6) o 



4.17.7 



Xr = 



4.17.8 






(4.17.7) ^ 



^, (4.17.8) 






^o J -, /., r t>(\j a^rJJG'-J. 
*- 1 J. J -^ 



r 

-*- fc^ 



S v 

9 r 1 = X 1 r ,, S 



= A = ^J 



u s v o 



(4.17.7) ^ocd > 



1 -> 

r _ = - r- N , 
1 A 1 



'a' 



A" " 







= 



.7>, (4,17.8) o 
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N 



3 u. v o 



'N &S 






4,18 



4.18.1 








(i) r =(u + v, 1-uv.u v) 



(ii) r = (a cos u, a sin u, bv) 






(iii) r =(e u ,e v , uv) 



(iv) r = (u cos v, u sin v, flu) + cv) 






(v) R = T + u b 



f T*. b 



s 



, u, s 



4.185 







9 = X Sera, 



r = (u cos 6, u sin 



6, 6 + log cos (0 SD 3^0:03 u = a t u - b 



(ds) 2 = sec 2 u (du) 2 - 2 tan u du d6 + (1 -H u 2 ) (d8) 2 , 6 = 



ds = sec du, s = [log (sec u -- tan u)l , 





4.19 



N 



** r 



N.'N 



N. dN = 



N.dN==03N.N,=0 





i,b 

" 




- ^ ^ x x^' 7 i_ 

r ,- r ; = g-- - r .. Is . = N . r .. = b.. 

1 J '.! i J J U 

. (14.4.3) 



= a 7'j* + b "^ ^ ste" - L = aE + bF 



r%. N, = a~F* . 7*. +bT* 2 Sfcr -M = aF + bG 

* J- i 1 2 



a, b o 



FM-GL FL - EM 
: 



EG - F 2 EG - F 2 

. a, b e SeoSeSa (4.19.1) T* 




IbC 

CD 



So- 



H 2 Nj = (FM - GL) ~f l + (FL - EM) T 2 



a 1 , b' 



a 



' ?,. 1?*., + q 7 2 Uo- a 1 F + b 1 G + N = 

1 



a ', b 1 o *3c -S* 
a' b 



FN - GM = FM - EN = EG-F 2 "H 2 



4.19.3 H 2 N 2 = ( FN - GMj + (FM - EN) 

(4. 19.2), (4. 19.3) 







I N 






3 I I 



- 



FM -GL PL -EM 

FN - GM FM - EN 



r 



- 
r 



; _ 






14.1.1) 



i 



FM - EN EK-F!, 



GM - 



- GL j 



L _i 



i (4.19.2J, (.4.19.3; o &od 



= 



- EN) N + (EM - FL) N 

1 ._! 



T a V*., = (GM - FNj N . + (FM - GL) N 

*" -t M 



(14. 1.2), (14.1.3) 






V 



H 



H (N l x N ) 



N T 2 = N (LN - M 2 ). 



4.20 



->->> -^ .-> T 2 

N N 9 ,N =N.xN 9 .N =4-- 

- "* - 1 - -^ Jtl 



c3$,. 



L21 t 






f .N., . o wfiv 
9 9 






, 
11 



; 7" 



(.til 



=* 



^ i'< x. i 

J. j 



* 

i. 1 *? -^ ** 

.- 



=?* H N S 



2j 



HN. N 






C 14^1.3) 

H 2 N x r*. = (EN - FM) N H 

t X 



H 



- -4 



x 






K 






2j 



H 



422 



1 J 



i) HN 



- - 

4.22.1 HN= 7 



H N, 



176 



=> H N x N : = N x (^ x T^g) + y x ( rj x r 12 ) 



N. - K. + \ N. 



(T? x "?) = ~a. ~? I? - "?. 



.-.- a x x = a. - . . 



N. 







(ii) 3 arboCtou5s (4.23.1) 
H N x N 2 = N 7\ - M 



H 2 f = EMN - F (LN + M2) + GUI, 
H2 g = EN2 - 2 PMN + GM 

-> - ^ -* 




'/ 







5. 







efiooe S* K, 




T l' r aeS'SrfftB 1 Sfltfe srbd Aotuofi. P S 65r<SOS &S* C 




5.1.1- ' H = C n N + 1? - C Kp + (X "?, + n r* J 

ii n i 2 





(5. L 1) 3 C a , X, n os 



' 





a = 




. X, |i eo eora-on-rfe So? 36oio!T 6?T (X, 




X, |l oJSo a cSo^. Soj 



o- 




5.1.2 ll?l = (E X 2 + 2 FX^i + G^ 2 ) 1/2 

so<5> a 




, m)' 



= (/, m) = Z ^ 



178 



, m) ex> dJ 




cos 




6=e. c SoBoCto-N sin 6= e x e 



cos 8 = EM + F(/m +J m) + Gmm 



sin 6 = H (I ml '- 1 I m) o3 P $6 o fl* (/, m) ;fc6aCfco (/ , m ) o 



o 

e 





^ . A H (/ m - / m) 

5.1.4 tan 9 = 



EZZ + F (/ m + / m) + Gmm 



(2, m) & e02co 6* (- /, - m) 





(X, M.) wocod, e a*T* fif" 



(L m) = , 

V EX 2 - 



(X, |i) o^o aF 32&co (Direction ratios) 



5.2 

o 



j A,VAT-JL A V rtuwu* L U.. , HI V 

as i 2 

^peio, v =o 




52 

Eu' = 



u = 



> 2 f 

e * = -7= = 0, 



a) 3a2Do& 2>aoeo u = !btf2co, v = fetf^e 2o<ca^o 6 




-* r r r 9 F 
cos6= e e = = -= 

1 2 Via " VEG 



H 

~vls 



b) 3 1 SSco v = fctttoSSo af >oSi '-ri'Q* S* (du, dv) 2 



-r^'O 



a 







cos a = . = t 2 v. ~ 
(Eu 1 + Fv 1 ) 



> > i i\ 
r 2 x r jl vV 



Hv ;i 



cos a = 



sin a = 



, m) o6^S 

(EZ + FM) 

VI" 
Hm 



c) 3Sa u = fc<ft3&> flF ttnSSs ^0, -=' fi* (du, dv) 






r 2 FG' + GV 



- 1 



(u 1 , v l ) o&> (/, m) 



d) iS3 BocSs fl^eo (X, n) SoBcCbo (X, M.) o 





a . b = I al I bl cos 6 



cose 



. G 

cos y 



(EX 2 + 2 FX^ + Gn 2 ) 172 (EX-' 2 + 2 FX 



' ' + 



sin = 



1/2 



_ 
tl- (EX 2 + 2 FXti + Gu 2 ) 172 (EX' 2 + 2 FX'V + 



5.3.1 tan 9= v ~~ " ~' H 



(5.1.4) 2o6olo (5.3.1) o ^ood 6f ^eas*o3 od^, <sl" ^^AoSo ird^r, tan 




ra 








<* tt, nO 



(I, m) 



(5.3.2) 

' F (/ m 1 + I ' m) + Gmtn 1 =0 



H 



+ Fm) + m' (B + Gto) = * o 



5-3-3 .'. 
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e) tote a* SfiS^tf ooa>t 

=90 ecxoSiryeb cos 6 = Q 3<3- ~ *o $&S (5.1.4) 

(5.3.1) o &><i 

(5.3.2) EZ/ ' + F (/ m 1 + 1 'm) + Gmm' = 
tcr EXX 1 + F (X 1 - + X fi) + .CH4*' = 



182 




jjj s 1 cj<3 5>2)yiD5 3*8 &*5oo<5>. 3o6o&o (5.3.3) 

. F/ + Gm , (EUFm) 
/ '= 77 ;m f =- 



5.4 2 Jbo-otfStt 3 : ooo 




Q 

r*."? =F=0 eG03^y& v P 




= F = 




. ooo 

tt < 



F = So*2DoC3b S^S2ooeo u = U Q , v = 



6 



u 
5.4,1 tan 6 =TT 




6 =-^^o^ F = 



* F s efta&>orV2co. (5.4. 1 Sood tan 6 - > 



K 







2 i 

F s 







8 1 acrSadcCb ^ittrw ooo SltooosjJW*, JfoS Stofl &, u 






= tan 3 










Hdu 
dv 



Gdv 





(5 4) &8d p = 






(do, dv) 




+ XI ) + 
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D 




^ 

r (u, v) 



-* 
r 





v) s 




, v) 



S 







s 



* 
P (u , V Q ) 




(u, v) 




S 



r* (u, v) 



(u, 




w 
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5.6.2 du + <{) 9 dv = 

P $& a o3:o)- \6fby> <3f S^dbex) (-0 , (j)J 

o c LT cJ -a oJ - T 2 J T l u = u,,. u = u 

, . 

. (5.6.1) 



(5,6.2) 

\ 

P. Q 






5.6.3 P (u, v) du + Q (u, vj dv = 



5.7 I 






000-0:)". 



0020 



: P du + Q dv = 



(u, v) Sg Sjflfj"8^ af a^jGo (- Q, P; 
fll" /CDRS-QD (du, dv) ^5, (5.3.2) 



E (-Q) du + F (- Q du + P dv) + GP dv = 



5.7.1 (FP - EQ) du + (GP - FQ) H v = ,o 

dy, dv o ^>c3^eo eMSr ^oSyoo. ei>o^A*S P, Q 




CO 



, EG - F 2 ?t 



(FP - EQ) 2 + (GP - FQ) 2 v3& P, Q 



FP - EQ, GP - FQ oo SS sr>)$c7y 






Qi 



(5.1.1) 



ot 



5,8 



f (u, v) = 3 



f (u, v) - 

''' 



du + f dv = 



,P = f , Q - 



P du -f Q dv = 



(5.7.1), (5.S.1) o 



5,8.2 IF f - E fj du + (G f - F f.j dv = 

J- 4^ J. ^ 



5.9 



- - oc 



P du + Q dv =.0 



P = XcK, Q = X0,, wd&^coj 

JL *^ ^ * 



FP - EQ = u w GP - FQ = u 

. T" J_ * ., ^ ~ 



= c 











= c 



pp-EQ GP - 



EQ 2 - 2F PQ + .GP 2 



g - 2F PQ 



d (0, W) 



. v 



u!, v 1 

' 



u 1 =<(>(u 3 v) 



v 1 - 



= y (u, y; 
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, -Su u 1 . v 1 c ^ Scr'SoSoCfc Soo cj) = c. vy = c. 



2 : ^ < o^ 5)o : i 

Edu 2 - Gdv 2 = 



v = c, u = c o 
(du, dv) cSD. Sf /Geas'e: (/, m) 



3obl3Q& Sis* S^dyos? 6^6^ fora^o) ~T=T. 0,0, 

\ ^ I Ot I J 3 7 



Tn\&m.O 



= E.O./ +F/. -= +0. rn\G. 



El + Fm F/ + Gm 



- F) (Vfi / - VG. m) = o /? 



- VG, m = e>^3bo6. gc? Vl"du - VG dv = 0, 



(du, dv) 



(du, dv), (5 n, 8y) 



E du 2 - G dv 2 BB 





a 





u, v 
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r = (u sin a cos CD, u sin a sin v, u cos a + a v) 

* 
.'. r = (sin a cos v, sin a sin v, cos a) 

r = (- u sin a sin v, u sin a cos v, a) 



E = 1, F = acos a, G = u 2 sin 2 <x+ a 2 

v = c n* aSS ^>eo ajSjedSi 3-tJ 6^ a^jtXjco (1, 0) 
Bdu + Pdv = eocod, 6^ (du, dv) (1, 0) So COS^OA- 



du + a cos a dv = 

v = c 2 



u + a cos a. v = K 



4 t ooe-ves-oajf Ibfi ucosv = K 





(u 2 + a 2 ) sin 2 u = c 



r = (u cos v, u sin v, av) 
/. r . = (cos v, sin v, 0) 



r 2 = (- u sin v, u cos v, a) 



(5.9.1) E 



u cos v K 



cos v Au - u sin v Av * 



Au ; Av u sin v : cos v 



(Au, Av) 4 (du, dv) 




f F a: SSoS 



Eu gin v du + G cos v dv SB t^tfcoa. (5.9. 1) 



cosv 
sin v 



log (u 2 + a 2 ) 4- leg sin 2 v = log c 
(u 2 + a 2 ) ain 2 v - c. 



oo 




x = u, y = v, z ^ u 2 - v 2 



. r =(u, v, u 2 v 2 ) 



Z = J 

<& 



(5.9.2) u 2 - v 2 = J 

CX> 



udu - vdv = 
du dv 

^ =1 - 
V U 



-y = z < )L>ooo z = 



(5,9.2) 3d ^So 5o So^oaSoi^S ^ ^iGD !b6 2)o<2o^) (u, v) 




<2l" ^^dbeao (v, u) w^croco. (v, u) 5 ooofei? 
(du, dv) 
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Cl 



v du - 




udtr =r 



uv a 




- 



udu) 



4v 2 ) udv * 




xy = 





ft t x = a sin ut cos v,,y ^ a sin u sin v, z = a cos u 




ic 



ow 




"8oei> 




r r ar (a sin a- ces v,,a: sin u sin v, a" dds a) 



r s? a (<9G; m CBS' v; coi&u? sih v;-. siir u) 




r s a ( sitfu sin v, sin ttcos=v r O) 



F 



/.. E ^s?, F 




v =r- j 




oy d, 0) 



rot vf + * 




(du;.dv) 



a 2 sinu(dv) 
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co sec u du = dv 



log tan = v + log c = log ce v 



=c 



v = 



4 
e v tan r = c 



, 

tan = - 1 2o&oC&> cosec u du = dv 



e v tan = c 



v = btf^oeJ* r 5 ^^? 3t) 3(5-0 



5.10 



u, v 06"* P, Q, R co 
Q 2 > PR 




5.10.1 P du 2 + 2Q du dv + R dv 2 = "3o&> S|5*o 



oar* 






5.11 



n 



a- 



(5.10.1) 3 sj^j^g "5ociD Sis 8 ^eo^osJ'e; fll" 



u), (X 1 , u 1 ) ef/^^jocr 3 ^. e>2y&) - 3o5oCio r ^Sb^ca^o (5.10.2) 
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A AL 
V 






_, 

~' V M %',' 



A AL _ 4Q 2 - 4PK 
M-V P 2 



ton 9 = 



EX?, 1 + F (AM ' + A. V) + 



E A LI. + F + 

MM 1 



. 

. p-;+F 



2Q^ 



2H (Q 2 - PR) 1 ^ 
ER-2FQ + GP 



= 90 e?a tan 6 = = ejj&. act? 



ER-2FQ 



S.12 



P = 0, R = oo3l, 



u = a, v = 



(16.5.1) &od du dv = 



CD 



P = 0, R = 



F = 



F = 
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5/L3 






r =-(u cos v, u sin v, ab) 



i: s- du 2 - (u 2 + a 2 ) 



= (u cos v, u siriV, av) 



(2 



- 2FQ + GP = 



du 2 - (u 2 + a 2 ) dv 2 = Sa (5.10.1) 



P= 1, Q'= 0, R = - (u 2 + a 2 ) 



ER- 2FQ + GP = (- 1) (u 2 + a 2 ) + (u 2 + a 2 ). 1 = 




oJ 



S B, -S^o C 



.: 0ooo2o>ai SBR 



7U 



7C, 



. P 



TT '3 



(3 
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5.15 <*$oo S^cr 



K 



. =K=K + K 

as n i 



-* dt - 

K >!T (=:kn) 



K 



*B 



K 



K 



n 





5.1 




N 



K 



n 




>i 

V. 



K 






3o N o 
K 



K = K N 

n n 



N, "? = 3 



194 



. = o 

ds as 



v i - 

as ds , ds . 



. (dN) 



ds 2 
(4.12.14) Sood, 



Ldu 2 + 2M du dv + N dv 2 
5.15.1 K - 2F 



(5.15.1) 

dv 



E, F, G, L, M, N eo CSa^oo ^23, P 



, P 




5.16 

(i) N Sood n* 5 (t>^ca^o So6oCSx> N. "? = (), n*. T = S6S N ^ood 



K S6^ K = I K cos 




(ii) K , 



K 



*-* 
(i) r ^oSop S ^>o<5) Si^^X) C (53^). i^cr 1 ^ OOOK>^ID n , 

-^ 

<j$)ooj32oo N 

(geodesic) 



.V 



5.17 




r = r (u, v) 



N 



K So 





N 



K =N. r 
n 



ir 



L du 2 + 2M du dv + N dv 2 
5.17.1 .'. K n IE du 2 + 2F du dv + G dv* 





s n 



5.18 

C5.17.U 







n 2o&cCfco Is' 

N i) 3So 6(5*, e ^.So &to ^tre-CJi 3, 
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_ 
. P S6 6o2 it3 |^>C5*N> eOoocSaoA* n rfolto cjtoS^ e{)oo2flD N 







gfcg P 










5.19 

1. coo lrs"C3co<S" x = u cos v, y = u sin v, z = cv cB^gj^ wOooc 





t u, v eo 

L du 2 + 2M du dv + N dv 2 
n = E du 2 + 2F du dv 4- G dv 2 



r = (u cos v, u sin v, cv) 



- 2C du dv 
/. K = 



2. S)3i3- )odo^) (u, v) 



V U- V __ 

^ ' * ~ V2 ' * ~ UV 



(*,-y,-i 




^o^iao. 2o6o3co ^o-o Oodo^j Sg fi^ (du, dv) 
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r = r=r- = , uv 



, 
V2 V2 



= (0, 0, 0), = (0, 0, 1), = (0, 0, 0) 



H 2 = EG - F 2 = (1 + u 2 ) (1 + v 2 ) -u 2 v 2 = 1 + u 2 



H 



H 



(u + v, v-u.-V2) (x, - y, - 1) 



V2. V 1 + u 2 + v 2 



L = . . . N = 0, M = 7* . . N = - 



. . . 
11 



. . 
12 






~ 



L du 2 + 2M du dv + N dv 2 



n ~E du 2 + 2F du dv + G dv 2 



- 2 du dv 



V(l + u 2 + v 2 ) [(1 + v 2 ) du 2 + 2 uv du dv + (1 + u 2 ) dv 2 ] 



3. 



K 



K , K 2 eo P 



P SdS 




a 



K 2 sin 2 a= I^ 2 + K^ 2 -2^ + 



cos a 



K 



198 



N _, N CD 
1 z 



Kn , N.,N 

1 




C, C 



. a 







S6S, 
N . N =cosa, 



5.19.1 



,\ r ' '. N = 



K = a -f b cos 
K^acosG+b 



a, b o ^ 



a = 



- K 2 cos 6 

T-O-T 
sm z 6 



, b = 




- K 1 cos 6 

ryr - 
sinr 9 



(5.19.1) &* 
Kn* sin 2 6 = 



- K^ cos 9) Nj + (K^ - Kj cos 6) 



K? sin 4 9 = (Kj 2 + Kg 2 ) (1 + cos 2 9 - 2 cos 2 9) - 2 K I ^ cos 9 (1 - cos 2 6) 



.% K 2 sin 2 6 = 



-2 



cos 6. 



5.20 



(-1, 2, 3) 



x 4- y + z = 



2z = 2x 2 -f- y 2 





2. 



(3, 2, 1) S<3, 



x -i- y + z = 6 2oBo3co 
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x 2 + 2y 2 + 3z 2 = 20 o 




x = u cos v, y = u sin v, z = flu) + cv 



e^Cccia 2~ 








K, 



^fcSfi: w = 



cos 6 



i P 




. P 





"is ' 





H 



5.2 



e 




"T _V "" " 

cos = N. n =N. 



- 



K 



K "K 



***** 



P -- <* 
P 
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/. K =Kcos9 

n 





6 = eo3y<5>, dfc, X><3* n, N tf 4 SltfSoOSSpcSs K n = K 



P 36 5(Sa caog^. ^0*6 eOepe:ta> rfoio ciiog^. wfioooSco N 

K, 






2>g Stfd K 










x 2 
z = -g; y = 



2 (1 + 
K = - s s - , C = tan TC - 9 







6 eoco^Syfij, -^ ^iofi 



x y 
z =- + rrr 2o5oiio ^>2ocScPeo z = cy e> 





1. e^o2o3 cao^. 3*eo 5<52D3 C cS^S. SSrf K. C dS^ G>** 

K . 



, 3N 3N LN-H 2 ^ 

l) -: X-r = . - N 

du 3v VEG-F 2 



(ii) K =Kcos6 

n 



2 . S n - S = 2 S n 



6. 






8,1 





eowfib. 



i 




i 




'iii) 




[iv) 




ts 



(iii) 
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(L du 2 + 2M du dv + N dv 2 ) 
E du 2 + 2 F du dv + G dv2 




K (= K 

du = X cos 9, dv = X sin 9 (0 < 8 2re) eSo&ois (6.2. 1) 



~ L cos 2 6 + M sin 29 + N sin 2 6 
K - E cos2 6 + F sin 26 + G sin^ 9 



EG - F 2 > SfeS (6.2.2) 6066 3tf2o3 SroLi2oio& beo 



. du = X, dv = u 



LX2 + 2M 




f f x f 

/. -= =-t (6.2.3) Sood, 



f = 2 (LX + MM) = 2 (L du + M dv) 



x 



g = 2 (EX + Fp.) = 2 (E du + F dv) 



f = 2 (nX + Nja) = 2 (M du + N dv) 



= 2(FX+ Gu) = 2(Fdu + Gdv) 



(6.2.4) 6*. iS 

U> 



Ldu + M dv M du + N dv 



n Edu 



[0, 2n] <?* K, ft dSis. eS^S oSjao^dbofl. sS K So 



K (X, u) 
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(EM - PL) du 2 + (EN - GL) du dv + (FN - GM) dv 2 = 




dv 2 - du dv du 2 
L du + M dv M du + N dv 

6.2.7 = E F G =0 

E du + F dv F du + G dv 

L M N 



(6.2,6) n-s* (6.2.7) A-ID 



K 




(6.2.6) 

S S0(5fi CoCb^) P Sg ^o OooD ^>^ cB^^. ^q*6 <3^ooo*ia?. eJa- P 

S cabog^. (3crt6 <S^o3 

P 2> S 







6J3 




(6.2.5) 



(L-KE)du 



(M - KF) dm- (N - KG) dv = oJ* 



du, dv 



- KE M - KF 
6*3.1 = 

M - KF N - KG 



(EG - F 2 ) K 2 - (EN - 2FM + GL) K + (LN - M 2 ) = 

. K 
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6.4 

JSZto* 

(6.2.6) 





6.5 

o 

(i) b &tf&o&>&) S&S^p g.. 2o8d2bo b.. 

^*" ^^"^ *^^ ^^ n IV 



jT" 




P du 2 + Q du dv + R dv 2 = OOED^COT? 



ER-FQ 



(6.2.6) 

ER- FQ + GP = E (FN -GM)- F (EN -GL) + G (EM - FL) = 



(ii) ^SbSfe^oo (6.2.6) 



dudvt NN dv 2 = 



S Sb6 P Sg, N c&rStS' wfioottico. g.., b.. ^060^ 

u = u\ v = 



N.N., r. du 1 du> = e 
i i 
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H ( N, N ., 



. b. -. b- 



(iii) 



eoto z = f (x, y) 



(1 + p 2 ) dx + pq dy pq dx + (1 + q 2 ) dy 



r dx + s dy 



s 



HK(l^p 2 )-r 



HpqK-s 



s dx + t dy 



dy 2 - dx dy dx 2 



P 2 PQ 



=0 



HpqK-s 



H(l*q 2 )K-t 



=0 



= 



r 

rr, 
rl 



s 

rr 
Jrl 



t 

rr 
rl 



(6.2.7), (6.3.1) o 




6.6. 



(i) 



x = a (u + v), y =: b (u - v), z = uv 




: r = [a (u + v), b (u - v), uv] 



r 1 = [ai, b, v], r^ = [a, -b, u] 
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x r = (b (u + v), a (u - v), -2ab) 



= (0, 0, 0), = (0, 0, 1), = (0, 0, 0) 



(b (u + v), a (u - v),- 2ab) 
N= - _ - 



6.6.1 .'- E = 



_> > _ 2ab 

L = N. r = 0M = N. r = 



T 2_ 
-~ 



dv 2 du dv du 2 
E F G = 

L M N 




(6.6.1) &od E, F, G, L, M, N SeoSo^a 

dv 2 - du dv du 2 

a 2 + b 2 + v 2 a 2 - b 2 + uv a 2 + b 2 + u 2 

-2ab 
-g- 



(a 2 + b 2 + u 2 ) du 2 - (a 2 + b 2 + v 2 ) du 2 = 



du ^^ dv 



sin h- 1 = sin h' 1 



= 



6*eo, o*S S^tfeao SobcCfco S&r ^g>eo 207 



to. 



H 4 K 2 -4abH (a 2 -b 2 4 uv) K- 4a 2 b 2 = 



(ii) 





r = (u cos 9, u sin 6, c0) 




KE - L KF - M 
KF-M KG-N = 



HK )C 



= 
H (u 2 + c 2 ) K 



(u 2 + c 2 ) 2 K 2 - c 2 = 



u 2 + c 2 
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dv 2 - du dv du 2 
E F G =0 

L M N 




E, F, G, L, M, N e 

de 2 - du d6 du 2 

1 u 2 + c 2 =0 

- c 



du 2 - (u 55 + c 2 ) d9 2 = 

du 



+ c 2 



(iii) tfe&o x = u cos 6, y = u sin 9, z = fl[9) 



L 

f u tan 



- 1 = 



: r = (u cos 9, u sin 9, R9)) 






i 
-* uf 11 

22- 



CO 

dv 2 - du dv du 2 

E F G 

L M N 
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- du 







du 



' H^ 
H Ji 



6.6.2 fj (u 2 + 



+ ufV 






- f = 






(dx, dy, dz) dx = cos du - u sin 6 du, 
dy = sin 6 du + u cos 9 d9, dz = f ' (6) d9 




cos = 



(dx cos 6 + dy sin 6 + 0. dz) 



du 




g 



2/k , o ., 

sec 2 <( = 1 + U 2 + f 



tan 2 






2 + f | 
(6.6.2) 



, f u tan 

<)> + -H -- - 1 = 



(iv) 



xy = ax 




sn 



- 1 : - , sin h" 1 <- i= A, A 

^%i . i ^^ i * 
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z = 




, p = q = , r = 0, s = 7, t = 

a a 3 



dy 2 - dx dy dx 2 



p pq 



q 2 =0 



dy 2 - dx dy dx 2 



1 + 



a 



i 



a 



2 =0 





a 



(a 2 + x 2 ) (dy) 2 - (a 2 + y) 2 (dx) 2 = 



dx 



dy 
, y =0 



\a 2 + x 2 Va 2 + y 2 



sin 



. , 

sin h" 1 *- . = A. 



(v) 



xy = cz 



x 2 + y 2 - z 2 + c 2 = 



z 2 (1 V2) 



: r = (x, y, xy/c) 



r =(0 f l f x/c) 



r x 
rx 



~ 

J c ' 



= (0, 0, 0), r ^ 0, 0, - , ? a = (0, 0, 0) 
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KE - L KF - M 
KF-M KG-N 



= 



, / > 2\ k xyz - c 2 
k (c 2 + y 2 ) *- - 

Z 

k xyz - c 2 o 

k (c^ * 






ef cr z 2 k 2 c 2 (x 2 + y 2 + z 2 ) = c 4 - 2 c 2 k xyz 



z 4 k 2 =.c 2 - 2k xyz 



S 2 c 2 - 2c z 2 S - z 4 = 



(vi) 



2z = 5x 2 + 4xy + 2y 2 



x = y 




2z = 5x 2 4- 4xy + 2y 2 






(0,0,0) 

o 




r Hpqk-s 
Hpq k- s H(l + *) k-t " 



k-5 -2 
-2 k- 2 

ef a* k 2 - 7k + 6 = 



2z = lix 2 
2h = llx 2 , z = h 



v r 2 v (x 2 + y 2 ), (x 2 + y 2 ) 2 

s = lim 



a u u 



(vii) eS So-Soo^a^i 2z = 7x 2 + 6xt-y 2 
8, - 2 



x = zy, 3x = - y 



s 2z - 7x 2 + 6xy-y2 a 



,q = 3x-y,r=7,s = 3,k = - 



S3J-0 



P = 0, q = 0, r = 7, s = 3, t = - 1, H = 1 



k-7 -3 
-3 k+1 = 

k 2 - 6k - 16 = 



"Sg>eo 213 



"Sspo^o 

dy 2 - dx dy dx 2 

p 2 pq 1 + q 2 =0 



dy 2 - dx dy dx 2 
=> 1 1 =0 

7 3-1 

=> 3(dy) 2 + 8dydx-3(dx) 2 = 



x = 3y, 3x = - y 
0, 0) 



ex! 



.7 



1. 



^dofi 




ii) 2z = ax 2 + 2hxy + by 2 



iii) xyz = abc iv) z 2 (x 2 + y 2 ) = c 4 

v) r = (u cos v, u sin v, uv) 

vi) r = (u cos u - sin u + v cos u, v sin u + cos u + v sin u, v) 

vii) r = (u cos v, u sin v, ,f(u) + cu) 

-> [a (1 4- UV), b (U - V), C (1 - UV)) 

= ...... ....... ! i Ji 



(u + v) 



ix) bx + ay = 2 abu, bx - ay = 2 abv, z = 2cuv. 
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2. 



-> 
r 



> 
n 



m 



7* x r? SiS*p t>$o 



dm. dn* = 



3. 




'Q 1 









6.8 



T ^ 

J = K 



EN-2FM + GL 





K 



LN - 






EN-2F + GL = 



(1 + q 2 ) r - 2pqs + (1 + p 2 ) t = 





-_ (EG~F 2 ) 1/2 H 
L "M "N = (LN-M 2 ) 1/2 ~T 



L du 2 + 2M du dv + N dv 2 
n " E du 2 + 2F du dv + G dv 2 




2- 



* O aJ 



6.9.1 du dv = 



2 15 



2sdbtoe3bo<2>. 



6.9 

F = 0, M = 



u= 



6.9.2 (EM - FL) du 2 + (EN - GL) du dv + (FN - GM) dv 2 = 

. (6.9.1), (6.9.2) o 



EM-FL= 0, EN-GL^O,FN-GM = 
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M 



(EN - GL) M = 0, (EN - GL) F = eS S^ 



EN - GL * & M = 0, F = 



M = 0, F = 



(EN - GL) du dv = 





N 



EN - GL * 






&i 



du dv = 



6*10 



(du, dv) fll" 



K =K cos 2 \i/ + K sin 2 

n a T D 




K 







dv = 



F=0,M=:0 



(du, dv) 



" 



L du 2 + 2M da dv + N dv 2 
E du 2 + 2 F du dv + G dv 2 

Ldu 2 + Ndv 2 



E du 2 + G dv 2 



XT 
N 
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dv = 




rr 

a ==< 



= 



N 



dcuo 



( 




> 



* 



6.1 



dv = 



(du, dv) 



6.10 



du 



K = L u l + N v l = K (VE u 1 ) + K 

n a D 



cos 2 w + K, sin 2 y 



6.11 



6.11.1 K = K cos 2 w + K sin 2 



n a 



sn \|/ 



K = K cos 2 f \ Ti + y^ + K si 
n a 



+ sn 2 -z n + 






= K sin 2 \|/ + K cos 
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(6.11.1), (6.11.2) 



K + K = K +K s 

n- n 9 a D c 



co 




6.12 



m 







K 



(m > 2) 



K =K 

n a 



sin 2 9 





= . + X cos 



' 






K = 



^ 



- A ^^ 

20+ - 
m 



cos 29 + 27T 



m 



. f 4icV 
sin m. 



sin 



+ (rn > 2). 



X* 2 

6.13 -^cr^Cfo 2 : 3ap3ocbs2co -5 



y = ex, c = 



K = 

n 



6*14 



1. 





C5OOOei + "TT 



in 2 9 



sn 



C3CO. 



(K, 





(da, dv) ^ crt a* 5)dboa. K, t. 



(6.3.1) &>od 



219 



x ooo y 



x- w^Sco^So Sofig ^ca^OD 9 



2. 

1 _1 

S 1 

* 

3. oX .fcSftrfwM Z.S ^15(33^" OOOOa D|SO K OCXOel, K = K, COS + 



S, S 1 



6,15 

d N + kd r = 




SodS (du, dv) S^Scr ^ e^roa^^. ^o^^ (u, v) 
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(L - KE) du + (M - KF) dv = 
(M-KF)du + (N-KG) dv= 



So- (L du + M dv) - K (E du + F dv) = 



Ndv)-K(Fdu + u 



E = ? r ~? v F = ? r "F^ G = 






L = -N r ~r v M = -N 2 . "?j_ = -N r r* 2 , N = N 






" 



i 



N.. .du 

ll 






. dv +K if "?.."?. 

ll V.11 



l 



dv ,1=0 



x j x J 

N r r 2 du+N 2 . r 2 dv + 



J " 

. r 2 du + r 2 . r 



N du 

ii 












dv r + K "- du + r dv . r = 
J! \i 45.^1 






dv . 






r du+ r 






j 

dr = 



j 

r.du+ 



dN = N. du + N dv 



6.15.1 






=0 



6.15.2 



+ K d r r = 



N . N = 1 w^^ 



2 N. d N = 



d N, N 5 ooao?v 



dN 




221 



fij 



~ > 

d N -i- Kd r 



.-. dN + Kd 



(6.15.1), (6.152) o 



dN 



eo 




K 



3oo dN+Kdr =0 



(6.15.1), (6.15.2) 



(L - KE) du + (M - KF) dv = 
(M - KF) du + (N - KG) dv = 



K, 






. 
Kd r =-dN 



K("? I du 



dv) 



N x du 



N 






K 



du 



d 2 = '- N du 









du 



^ 

dvj 



* K (E du 2 + 2F du.dv G dv 2 ). = L du 2 + 2M du dv + N dv 

* 

L du 2 + 2M du dv + N dv 2 
' K "lE du 2 + 2 F du dv + G dv* 



(u, v) 



(du, dv) <>* K 
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6.16 



i 



d r*, d N co 



2. * 




dl dm dn 
Z i ~ m i ~ n i 




Z, m, n 



, ts 



6.17 





r?, n^ + d r? eo 



" 



P ("), Q ( + d r ) co 



. P, Q o 



> - j -* j -> 
n , n + d n , d r 



J J n 

_n , n + d n , d r _ =0 



_ n , d n , d r _ =0 




PCr) 



6.2 



fl*eo, 3Q-I6 Sgrfeo SoBoSo Sr "aco 223 



dn=adr+bn 



6.17.1 .-. . dn^an* d^+t^ii* 



. dr? = 0^60^01^= 



(6.17.1) Sood, b = 



, , - 

d n = ad r 



^ood, C Scr?) es^SeJ^. S5con% S 



A=_n,n 4-dn,dr 



o od, " 



A J J ~ > -> T^ J ~> J - > 

A=_n,dn,d r . = _n , K d r,d r 



= -K _n , d r , d r . =0 



6*18 



, "Bodb 



P ("?), Q (r*+ d 1?) Sd i>6 r?, T? + d r? 
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(r 



eo 



N , K' 



, C 




"Sods 









6.18.1 cos 6 aN N 



"851 




Kd r 



ds 



N 



6.18.2 N ( .-- i =N. (- 



S 2 SbdS SJ^G- C 



dN. 



6.18.3 N,. 

i 



SSjoS. 
d 



(6.18.1) 3 



-> 



dN 



dN 



~3- 
ds ds 



(6.18.2), (6.18.3) o Sood, 



cos 9 a 



6 = 





9 e3 





cos 9 



N 



as 



Defer 



dN 



dN 



SbdS 



(20.4.2) 



dN 



(6.18.4) 



N . 



dN 



dN, 

6 - 18 - 6 



C6.18.5), (6.18.6) o 






ds 



j 

as 



j 

ds 
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Sood 




J = K + K efcr 








(EG - F 2 ) - K (EN + LG - 2 FM) + LN - M 2 = SSo K , K 

n a' D 



EN + LG-2 FM = 



= 



6.19 (1 + q 2 ) r-2pqs-f 



6.20 



1. e*2co e z cos x = cos t 



)6o (log) 6&>Sooto, z = log cos y - log cos x. 

p = tan x, q = tan y, r = sec 2 x, s = 0, t = - sec 2 y 
bStfoaao (6.19) 3 

2. do&a x = u cos v, y = u sin v, z = a log {u + Vu 2 -a 2 } 



s f (u) = a log u + Vu 2 - a 2 ea fe 



x = u cos v, y = u sin v, z = f (u) 



f P 



Vu 2 -a 2 



( U 2 _ a 2 ; :i/a 






u 2 - 



U 2 _ 



f 11 u 



u 2 f 1 
~- 



EN - 2FM + GL = 



E, F, G, L, M, N 



n 2 f 1 



u 1 + f l 



U 



6.21 



C3-3 



: SoSjrf 



e. 



rfoSs S i r = r tu, v 
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r = 1 + e N ; , e, N eo u, v o 









E, F, G 



_ rt _ 

E= r. 2 = r . -f eN. 4-e N 



,. N. - 0(e 2 ) ^N . N. = O f N. "?. = ^S 

1 I ^ JL 1 ^ 



= E-2eL-hO(e 2 ) 

V 



> 



. 

F= r. 7= r + eN +e. N > r -^ e N + e N 



, . 

1 1 



j i 



9 

& & 



\ 



-E e = EG-F 2 -2e(EN-2FM 






(-.- n s EN + LGi-2 




S 



-. A=J Hdudv 




ea 
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A=tj'Hdudv=l (H- 



ij Hdudv-| 2 e H du dv + (e 2 ) 



=A-J 2 e >i H du dv + (e 2 ) 






(stationary) 
S 



= 



e.22 






K 2 (EG-B)-K 




K a , 





, S 
. ot 









LN - M^ > 
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SWSocCfe 





LN - M 2 < 

LN-M 2 



<0 SfiSS -BoCfr crS> Stfoo K 1 GO 




wocoJl, oota LN - M 2 = 



rt 

= 



(Synclastic, Anticlastic) 




K = K a ^ * *** 




K = K < 





'0' 








indicatrix 




Jfctf 'O 1 2,$ 



0' 5 crer 6X67 



Dixpin Indicatrix ib<5 Q 



Q 



-* 



= L du 2 + 2M dudv -f N dv 2 




6.3 



F = O, M =? 



GO 





v = 



= E 



u = 







ds 2 2 = G dv 2 



2h = 



K,, 
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(x, y, z) 



dr AS" ooooiTli t3|"j 



'O 1 



'0' a aaj-ofcoeb^)?? &SoSoocr2oD. (So^S fi*e 3od OX, OY 

3oexi OZ &> &^oSboa2co. Q 



. 'O f 2> 2># cSboS^. ^QS ^5r2oDeo R fl , 



eo 






Ajj Sjd[^%)ttoa. cr eg e^co (2h Rg) 172 , (2h 







n 
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= dN. dN 



A = Nj 2 , B = N r N 2 , C = N 2 2 es 



III = A du 2 + 2B du dv + C dv 2 . 



6.25 Xartii ares CJj^d*oS 



K ^r S(tf, J 3x><3t3 SSJ eoisd, K.I - J.II + III ^ 0. 




t 

03 \$<rZ> S$o6) fots, o-<!f SJT 




= k3 &od 2o6o3b F = 0, M = Sood, 



- -> ^-> > >o 

6.25.3 HI = dN.dN= N,du + N' dv 

^1 2 j 




du+ Kg r* 2 dv) 2 [(20.1.1), (20.1.2) Sood] 





= Ldu 2 + Ndv 2 



L = - if r ^ = iq r^ r ^ = K,E 
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(6.25.3), (6.25.4), (6.25.5) o Sood E du 2 G dv 2 e&> 

III Kj* K.J 2 
111 =0 
11 



III 0*3 - Kj) - 1 Kj Kg (1^ - Kg) + II (K x 2 - K^) = (Kg - K^ J* 





1. "^s'cjco x = u cos 0, y = u sin 0, z = f (u) + c6 





2. "IrSs'ooo x = u cos 8, y = u sin 6, z = eft 
du 2 - (u 2 + c 2 ) d0 2 = 

3. ds 2 = du 2 + (a 2 - u 2 ) dv 2 





4. ^oS^ Soc3 OOo<So5j P S, 




5. tfoSto xy = az, a Jbtfcr*, Sbfi S^OP "Sspe^ Vz 2 + x 2 ^/z 2 + y 2 = 




6. 




03 



y 



2z = ax 2 + by 2 So 6 3Sb3 ao&%)o: (0, 0, 0} 

ta. 3, ", 






(0, 0, 0) rt>oa3 s di> 5S<r t>?> Ibtf 



8. i^Soe^^Se^o^D x = u cos 6, y = u sin 6, z = flu) JbdS 






= ucos9, y = u sin 8, z = c log(u + \u 2 - c 2 ) ^>5o P I = - P., 



10. 






11. 

3.C 



irboJJod. 



12. x = y = z 





. fig 




FT 




PT 

6 aa ctrbo 



fig ajga dio^ ^OOOE: 

P 



acd 



14. 





15. = 2hxy 



o 



(Z 2 + m 2)3/2 (am 2 _ 2 hZ m + W 2)' 1 tf 2 



.._ v.A 



o ^3 _u Kv 3 
16. e^O^CO OZ = aX -r uy , 







2 2 

17. o&o 2z = + - 



2 

. t 



9 2 

(x 2 + y 2 + 3 2 ) + ^ = z (x 2 + y 2 ) 

X V 

18. 2a*3oa&jB:to + = 2z 

S 2 - HpKa + b + 2z) + ab H 4 = 0, H 2 = 1 




19. 



2 2 

22 =7Tr+7T ( ax3 + 3bx2 y + 3cxy 2 + dyz)/3 
1 




^ x ^ y^ 

<0. cOO*SoQ3b2j3oo + -T-* zr 2z 5o6oiio (confocal) 

a D 

X 2 V 2 

= 2z X, 2)o2o^) (x, y, z) 



HX 




K ti _ 

T"' = - ab - ^ sjSjeeSo-oC&S OSr 



91 o, j^ . y 2 (ax 3 + 3bx 2 y + 3cxy2 + dy 3 ) 

T - "5" - + 
P 3 



P 2 



OX qpff* JJ*, ZOX Jo2D)ff 
b 



tan <> = 



P 2 
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22 - 63 ^ - + += - - XY 




pb 2 xy dx 2 - (pb 2 x 2 + oa 2 y 2 + a 2 b 2 7) dx dy + 2a 2 xy dy 2 = 



7. 








7.1 

V5- 

P, 

Q -> P eccoSSveb, "Bspea PQ &>6o&: / o&DSL- 3<32o (limiting^ 

oJ 

P 






7.2 



> ^ ~ 

N es3oo, Q ( r + d r 




Dr 



PQ =d r 



d "r = (du, dv) = r 1 du + r 2 dv 



D "? = (Du, dv) = r Du + r 9 Dv 



P ("r*) ioSolu, Q ( r + d r ) o ^J^oii do^coe^ t>sp / 00.506 

^ -\ 



D r > . 1 = 0,0"^. ^N + dN = 



D r . d N = 



, 
Du + r Dv). 

1 2 



L du Du + M (du Dv + dv Du) + N dv Dv = 



dv Dv i dv Dv 
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7.3.1 3 



- 1 : 



_>->._- 

D r . dN = d r . D N = LduDu + M (duDv + dvDu) + N dv Dv = 







Du 










7.4 



- 2 : 



7.4.1 P du 2 + Q du dv + R dv 2 =0 



cr 





"6o& fi^eo (du, dv), (Du, Dv) 



du. Du 

; =-- 
* Dv 



_ 
oo P 



, 



du Du 
'' dv + Dv 



_ du _ rt . 
Q-" + R = 2 
^ 



Q 
P 



R 



(23.2.1) 



LR-MQ + NP = 



(7.4.1) 




7.5 



- 3 : 



P du + G dv = a^a- 
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(LQ - MP) Du 4- (MQ - NP) Dv = 



= 
Q - P 



tD (23.2.1) 



7.6 



s 



P du 2 + Q du dv + R dv 2 = 



(23.4.2) food 



, M = 



LR - MQ 4- NP = 



l M = 



Sco du dv = 



P = 0, R = 

u M = 



Q = 1. 



P = 0, R = 0, Q = 



7.7 



7.8 







M = 



F = g^S -tf 3 S<5 



- 1 : 






CD 



(du, dv) 



(8u,8v) 



M = gSig (7.2,1) 



F = 0, M = 





ct3, F = 0, M = 



fi>Seo - wSorf S 
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7.8.1 L du Su + N dv 5v = 




o E du 2 + G dv 2 E Su 2 + G 8v 2 
+ Ndv 2 ' b 2 ~L 6u 2 + N 



y v L,du 

dv 2 + GL 2 du 2 EN 2 dv 2 + GL 2 
2 LN 2 dv 2 + NL 2 du 2 ~LN (L du 2 + N 



s + g _ (E du 2 + G dv 2 ) LN + (EN 2 dv 2 + GL 2 du* 
1 2 LN (L du 2 + N dv*) 



NE + LG L du 2 + N dv2 EN + GL 



LN ,. ' L du 2 + N dv 2 ~ LN 



(du, dv) olb eso'tfSdieJoef<2ci SS)g S, + S , fci^ 

Q 1 1; 3? 



- 2 : 



y = u sn v, z = u> c& -crc: ^ re 



x = u cos v, y = u sin v, 2 = f'(u> SSc M = U 3.^2 t:~^C^r 



7.9 





du 5u 



(du, dvj 



L du 6u + M (du 5v + dv Sv) + N dv 6v = * fi 
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L du 2 + 2 M du dv + N dv 2 = eJo* d N. d r* = 






7.10 esScxtf 



7.10.1 N. 



. - ' LN 

, woto (LN - M 2 ) Sa TTr 







, Ki? 





^ + K N . n 

ds ds 




^J -*> ^ i xt^ 

d r dN 

j * j =- U SrOl* 

V ds y V ds I 



(L du 2 + 2 M du dv + N dv 2 ) 

9 , - p , .> 

E du- + 2 F du dv + G dv- 



7.9.1 

(inflessional) 
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7.10.2 N. n =0 



TL i N 



N, 



7*11 





L du 2 + 2 M dudv + N dv 2 = 




, = 0, N = 0, 
du dv = e 



L = 0, N = 0, M * 



du dv = 0. 



L = 0, N = 0, M * 




7.12 





, L = 0, N = 0, M * 



(EM - PL) du 2 + (EN.- GL) du dv + (PN - GM) dv 2 = 0, 



E du 2 - G dv 2 s 



7.12.1 (q?S 




(EG - F 2 ) K 2 - (EN + GL - 2PM) K + (LN - M 2 ) = 





.-. 
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2FM 
J= -. 



7.12.2 e>3o# tft?>ex> e30oos>2o3tj33 EN - 2 FM + GL = 




P du 2 + 2Q du dv + R dv 2 = 



ER - 2 FQ + GP = &3 3o&2ao wSWgSfcr-, ^crSar 6 oO 




L du 2 + 2 M du dv + N dv 2 -- 
de"fc esSotf SCfeD wOoozD So^tJ'SS EN - 2 FM + GL = 




7.13 



x = u cos v, y = u sin v, z = cv 




, L=0, N = 0, 



r = (u cos v, u sin v, cv) SSo L = 0, N = 0, M = --rr 

o 




2. 




x = u cos 6, y = u sin 0, z = f(u), u = a sin <)>, flu) = ^ ( log tan + cos <J> 

\ 



d9 = "" 







1? = (u cos 9, u sin 9, flu)) 



Uf u* f 



L du 2 + 2 M du dv + N dv 2 = 



7.13.1 



u = a sin <)> 
du = a cos <(> d<|) 



f[u) = a I log tan ^ + cos 4> 

\t-iS 



f = COt <> 



a cos sin 2 <t> 



7.13.1 



a cos <|> sin 2 



a 2 cos 2 <|> d<() 2 + a sin <|> cot <() d6 2 = 



sin 



3. e*e& Z = y sin x 





: = sn x 



p = y cos x, q = sin x, r = -y sin x, s = cos x, t = 
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r dx 2 + 2s dx dy + 1 dy 2 = 
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~ y sin x dx + 2 cos x dy] dx = 



=> dx = 0, - y sin x dx + 2 cos x dy = 



dx = Sood x = c 



- y sin x dx + 2 cos x dy = &>od 



y 2 cos x = 



7.14 

O O 

= ^2 - a 



" " 



2. ^o^o x = 3u (1 + v 2 ) -u 3 , y = 3v (1 + u 2 ) - v 3 , z = 3 (u 2 - v 2 ) 




u v = 



2 

3, 3ea> u = c cos h 



2u = c (ae H + a" 1 e~ e ) 









SJPCT JSOjo%rSxx), 




7,15 








24? 



N 




7.15.1 N. ~ = O.'s 1 



* 
N . + N. t =0 



eJcr 



ds 




-> 
-T -- g = 



N . K n = $)3boa. 



7.15J2 N. n=0 

""^ ^ """^ * ""5 1-. 1 <.*, 

(7.15.1), (7.15.2) e Ssod N,t x n * wet b 5 ^- 



. b cB^S fi* N = 





otooo<>. 









R - 
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N.n =b.N = 



'. " = SJoSf. 's' 



d r 



N.n - 



d ^ d r n 
-T~. -"T = 



eoto t3fo2o> Ibfl SIfco = " (s) 





7.16 

N . = 





dN d r -f ..-> _ 
-3. -3 + N. K n =0 
ds ds 




aaaar "6^ eoood K = StoS --3 . * = 




7.17 wSo^ SjB 63^ S^lftf SaCoabo Torsion : 




b s N $&>&, b =N 



T n = M" e3 SSoofi. ri 



--> 



249 
**" 



-T'.frxt 



_ I * 

L ,N,T. = _N,Y, 





7.18 

torsioh 






t= =N. xr 



Aouocfl. eoti t = V-K 

' 



dN 3N 3u 3N gv 
"d7" s du ds + 3V 3s 






v c 



> ,2 

xr v 
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- 
M=* N. \N x r 



-V 






H 



,a EN-GL 

H g 



FN - GM 2 



H 



V 




M 
~ 
n 



2 _ ,2 
-Gv' 



= 0, N = 0, 





u = M^uSSo, u 1 = 




v = 






v ' = 

M 




K = 



LN - M 2 M 2 



M 



M 2 



Tr 
= - K 



M 

= ==- = V- K. 



7.19 






(EM - FL) du 2 + (EN ~ GL) du dv + (FN - GM) dv 2 = 



a*eo - 






E du 2 - G dv 2 = 






fl* E du 2 - G dv* = 3* 




7.20 



L 





r 



- 

\ r i X 





M 
L N,r , 






xr 






B r x r 






r r r r r r 



vvv*vi 

H 



->->' 

r 2 . r r 2 . r 



2. 




11 



x = u cos v, y = u sin v, z = u) !bfi 

. a*S S Torsion 




u v = 

A 









7.20. 1 L du 2 + 2M du dv + N dv 2 = 
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"r* = (u cos v, u sin v, f[u)) 



uf u 



(24.6.1) ff* 



uf.. U 2 f. 

du 2 +-^ dv 2 = 



f u du 2 + u fj dv 2 = 








3. 2fo3o> z = f[x, y) Ibfi eoJ SCt'Syeo r dx 2 + 2s dx dy + t dy 2 = 



V( S 2 _ r *S 
^ - 
'(1 + p" + q^ 



'(1 







L du 2 + 2M du dv + N dv 2 = tf* JbtJS 

L4 



M dx 2 + 2s dx dy 4 1 dy 2 = 2o6oS 
LN-M 2 rt-s 2 



K = 



H 2 ~ H 4 



s 2 -rt 

T=V-K = -~ -- . - - s ri 




2 
p z + q 2 ) 



